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1 Introduction

1.1 Topological strings and their applications

Topological string theory is a topological sector of type II string theory described by a special
class of CFTs (which are two-dimensional sigma models) coupled to gravity. The target of the
sigma model is usually a Calabi—Yau manifold, which in the context of type II string theory is
simply the compactification manifold. It is often possible to compute the amplitudes of these
theories in an exact form, for both the open and the closed string sector, and they probably



provide most of the exactly computable quantities in string theory. The amplitudes that we
typically compute in topological string theory are functions of the moduli, and we denote them
in the closed and open sectors as

Fg(t)7 Fg,h(t’ Z)’ (11)

respectively. Here g, h are the genus and the number of holes of the Riemann surface, and ¢, z
are the closed and open moduli. We will now give a list of the problems in string theory and
mathematical physics where these amplitudes are relevant.

1. The Fy(t) and the F,p(t,2) contain information about the enumerative geometry of the
Calabi—Yau target. They can be interpreted in terms of Gromov—Witten theory, one of the
cornerstones of modern algebraic geometry.

2. The Fy(t) are couplings in the N' = 2 4d supergravity theory which appears when one
compactifies type II string theory in a Calabi—Yau manifold. Appropriate choices of the
target make possible to derive field theory results from the amplitudes F,(t). For example,
the counting of instantons in A/ = 2 gauge theory can be done by using topological string
theory. This is called the geometric engineering of N'= 2 theories.

3. The open and closed amplitudes count BPS states of the type II compactification. One can
use them to count microstates of a certain class of black holes in type II/M theory.

4. On certain Calabi—Yau manifolds, the open and closed amplitudes are related by large N
dualities to the 't Hooft resummation of amplitudes in Chern—Simons theory and matrix
models, very much in the spirit of the AdS/CFT correspondence. This makes possible to
test large IV dualities to all orders in 1/N.

1.2 The structure of topological string theory

String theories involve typically a conformal field theory (CFT) on a general Riemann surface
¥4 which is then coupled to 2d gravity. If we write the CF'T action as

S(o, gl (1.2)

where g,,,, is the two-dimensional metric and ¢ are the “matter” fields, then the basic object we
want to compute is the total free energy

F=>) g¥7?F, F,= /Dh DpeSoN (1.3)
g=0

where g, is the string coupling constant, and the path integral in Fj is over field configurations
on the Riemann surface ¥,. We can also perturb the CFT with various operators {O,} leading
to a general action which we write

S, ht] = S[¢, h] + Y t°O,. (1.4)

In this case, the free energies at genus g will depend as well on the couplings t%, and we write
F,(t) to indicate this explicit dependence.

The computation of the free energies in (1.3) is a phenomenal problem, and many approaches
have been developed in order to solve it. In the continuum approach, one fixes diffeomorphism



invariance and finds that there is a critical central charge ¢ = 26 in the CFT for which the 2d
metric decouples and one is left with an integration over a finite set of coordinates 7 parametrizing
the moduli space M,

Fy(t) ~ /M dr / Dge oot (1.5)

This is the so-called critical string theory. For ¢ # 26 (noncritical string theories), the metric has,
on top of the finite set of moduli 7, a dynamical degree of freedom—the Liouville field. Critical
strings are manageable but still very hard to solve, since integrating over the moduli space
remains a difficult problem. Noncritical strings for generic values of ¢ are so far intractable.
There are however two classes of examples where we have tools to compute F(t). The first
class are noncritical strings for ¢ < 1. Here one can not only solve for the Liouville dynamics,
but also perform the resulting integrals over the moduli and obtain explicit results for F,(¢) at
all genera. This is achieved by using matrix models to discretize the worldsheet of the string.
The second class of examples are topological string theories, which are the topic of this course.

2 Calabi—Yau manifolds

Good introductions to complex and Calabi-Yau manifolds can be found in [1] and in the second
volume of [2]. We will also use some standard results in algebraic geometry. The reference for
these is [3].

2.1 Definition and properties
The first thing to know about Calabi—Yau manifolds is that they are complez, i.e. they have
complex coordinates (in local patches) that we will denote by

o L T=1,---d, (2.1)

where d is the complex dimension. These manifolds are endowed with a Riemannian metric that
is Hermitian, i.e. it only mixes holomorphic with antiholomorphic coordinates, and in a local
patch it looks like

Gr7 (2.2)

The Hermitian character implies that, if v! is a vector of complex components, then
G0 (v))* >0 (2.3)

and it vanishes only when v! = 0.
To build a Calabi—Yau manifold we need another condition, i.e. that the manifold is Kdahler.
This means that the Kdahler form

w= iGdexI Adz” (2.4)
is closed:
dw=0 (2.5)
Notice that, since
Gy =G (2.6)

the Kéhler form is a real two-form. In components (2.5) leads to

aKGIj = aIGKj’ %Gﬁ = 87G1F' (2.7)



Locally, one can then write the Hermitian metric as

0?°K

G7=—=,
L 9xloxd

(2.8)

where K (2!, x!) is called the Kdhler potential. It is easy to check that for a Kihler manifold the
Christoffel symbols do not have mixed indices, i.e. their only nonvanishing components are

Mg, Tl (2.9)
The Calabi—Yau condition requires on top of all this that the metric G ;7 is Ricci-flat:
Rr;=0. (2.10)

CYs first appeared in string theory as compactification manifolds, since the CY condition appears
a a requirement to have a supersymmetric Minkowski vacuum. From the point of view of the
sigma models, (2.10) guarantees conformal invariance of the underlying sigma model. It was
conjectured by Calabi and then proved by Yau that Ricci flatness is equivalent to a topological
condition, namely that the first Chern class of the manifold vanishes

¢1(X) =0. (2.11)

One of the most important properties of Calabi-Yau manifolds (which can actually be taken as
their defining feature) is that they have a holomorphic, nonvanishing section 2 of the canonical
bundle K x = Q%%(X). In local coordinates, this is written as

Q=Qp..,de" Ao Adald, (2.12)

Since the section is nowhere vanishing, the canonical line bundle is trivial and ¢;(Kx) = 0.
Using Hodge theory, Poincaré duality and the CY condition, one can see that the Hodge

diamond of a CY threefold
h0,0

h3,0 h2,1 h1’2 h0,3 (2‘13)

has the structure

1 p2! %t 1 (2.14)

and therefore it only depends on two integers h''(X), h>!(X). It also follows that the Euler

characteristic of a CY is
X(X) =2(r"(X) — h*1(X)). (2.15)



2.2 Examples

Example 2.1. Tori. The simplest examples of CY manifolds are tori, X = T?¢. In one complex
dimension, these are elliptic curves,

y? =423 — gz — g3. (2.16)

Notice that as we change g2, g3, we change the shape of the elliptic curve. These are in fact
simple instances of complex deformation parameters.

Example 2.2. Non-compact CYs. Let us first consider non-compact Calabi—Yau manifolds
whose building block is a one-dimensional compact manifold. These manifolds will be given by
a Riemann surface together with an appropriate bundle over it, and geometrically they can be
regarded as the local geometry of an embedded Riemann surface in a general Calabi—Yau space.
Indeed, consider a Riemann surface ¥, holomorphically embedded inside a Calabi—Yau threefold
X, and let us look at the holomorphic tangent bundle of X restricted to X,. We have

TX|s, =TS, & N5, (2.17)

where Ny, is a holomorphic rank-two complex vector bundle over ¥, called the normal bundle
of 3,4, and the Calabi-Yau condition ¢;(X) = 0 gives

c1(Ng,) =29 — 2. (2.18)
The Calabi-Yau X ‘near X, then looks like the total space of the bundle
N — 3, (2.19)

where N is regarded here as a rank-two bundle over X, satisfying (2.18). The non-compact space
(2.19) is an example of a local Calabi—Yau threefold.

When g =0 and X, = P! it is possible to be more precise about the bundle . A theorem
due to Grothendieck says that any holomorphic bundle over P! splits into a direct sum of line
bundles (for a proof, see for example [3], pp. 516-7). Line bundles over P! are all of the form
O(n), where n € Z. In Maxwell theory, the bundle O(n) is associated to a monopole of charge n.
It can be easily described in terms of two charts on P': the north-pole chart, with co-ordinates
z,® for the base and the fibre, respectively, and the south-pole chart, with co-ordinates 2/, ®'.
The change of co-ordinates is given by

2 =1/z, & =", (2.20)

We also have that ¢;(O(n)) = n. We then find that local Calabi-Yau manifolds that are made
out of a two-sphere together with a bundle over it are all of the form

O(—a) ® O(a — 2) — P, (2.21)

since the degrees of the bundles have to sum up to —2 due to (2.18). An important case occurs
when a = 1. The resulting non-compact manifold,

O(-1) @ O(-1) — P!, (2.22)

is called the resolved conifold.



We can also consider non-compact Calabi—Yau threefolds based on compact complex surfaces.
Consider a complex surface S embedded in a Calabi—Yau manifold X. As before, we can split
the tangent bundle as

TX|s =TS ® Ng, (2.23)

where the normal bundle Ny is now of rank one. The Calabi—Yau condition leads to
c1(Ng) = e1(Kg), (2.24)

where K is the canonical line bundle over S, and we used that ¢;(7'S) = —c¢1(Kg). Therefore,
we have Ng = Kg. The Calabi-Yau X ‘near S’ looks like the total space of the bundle

Kg — 8. (2.25)

This construction gives a whole family of non-compact Calabi—Yau manifolds that are also re-
ferred to as local Calabi-Yau manifolds. A well-known example is S = P2, the two-dimensional
projective space, which leads to the Calabi—Yau manifold

O(-3) = P?, (2.26)
also known as local P2. Another important example is S = P! x P!, which leads to local P* x P

Example 2.3. K& surface. The K3 surface is the unique, simply-connected complex surface
which has ¢;(X) = 0 and is therefore CY. Let us find a concrete realization. Since we want a
surface, we can look for a projective hypersurface X in P3 of the form

a2l + 28+ 23 + 23 = 0. (2.27)

Let us show that, for an appropriate choice of d, this is indeed a K3 surface. By the Lefshetz
hyperplane theorem, this hypersurface is simply-connected. The only thing to impose is then
that ¢1(X) = 0. We first notice that the tangent bundle of P? along X satisfies

TP?|,=Tx ® Nx (2.28)

where T'x and Nx are respectively the tangent and normal bundle to X. The total Chern class
satisfies, by Whitney’s formula,
c(P?) = ¢(Tx) - ¢(Nx). (2.29)

We now use some elementary facts from algebraic geometry. The total Chern class of P¥ is given
by
c(PF) = (1 4 2) 1, (2.30)

where 2 = [H] is the generator of H?(P*,Z) and coincides with the hyperplane class (i.e. the
Poincaré dual to a hyperplane H ~ P*~! in P*). On the other hand, a basic consequence of the
adjunction formula says that the normal bundle Nx to a hypersurface of degree d in PX (which
is a line bundle) has first Chern class given by

c1(Nx) = [X] (2.31)

where [X] is the Poincaré dual to X, understood as a cycle of complex codimension one in P*.
One also has that
[(X] =dx (2.32)



Using these facts, we obtain for the hypersurface (2.27),
(14 x)*
1+dx
Therefore, ¢;(X) = 0 if and only if d =4 in (2.27).

Example 2.4. The quintic CY. This can be understood as the three-dimensional analogue of
the hypersurface (2.27). It is defined by an algebraic equation in P*

o(Tx) = 1+ (@—d)z+. (2.33)

e+ 2d+ad+ad+ad=0. (2.34)
An argument similar to the one for the K3 surface shows that the CY condition implies now
d=5 (2.35)
hence the name quintic. The Lefshetz hyperplane theorem says that
RM(X) = ML (P =1, (2.36)

and its generator is w = i*(x), where z is the hyperplane class of P* and i : X < P* is the
inclusion map. The triple intersection number

ﬁ:/)(w3:/]P4w3/\[X]:5/]P>4x4:5. (2.37)

We can also compute the Euler characteristic
V(X) = / e3(X) = / es(X) A [X] = — / 402 - 5 = —200, (2.38)
X P4 P4

and from here we deduce h?1(X) = 101.
Example 2.5. The Enriques CY. A very simple example of a CY is, with our definition,
K3 x T2 (2.39)

This is a very special case, however. It is easy to see that a generic CY has SU(3) holonomy,
while (2.39) has SU(2) holonomy. Correspondingly, when we compactify type II string theory on
(2.39) we have N = 4 supersymmetry, and not N’ = 2. However, one can find a less nontrivial
example closely related to this, which is called the Enriques Calabi—Yau. The Enriques Calabi-
Yau X can be viewed as the first non-trivial generalization of the product space T? x K3. It is
defined as the orbifold (T? x K3)/Zs, where Zy acts as a free involution. This involution inverts
the coordinates of the torus and acts as the Enriques involution on the K3 surface. It can be
shown that

P (X) = hMH(X) =11, (2.40)
therefore

x(X)=0. (2.41)

From the 11 (1,1) classes, one ~that we will denote by wg— comes from T2, while the remaining
10 come from the quotient K3/Zy, which is called the Enriques surface E, and we denote them
by wg, a = 1,---,10. If we define the intersection matrix of the two classes in the Enriques
surface

Cap = / wa A wp, (2.42)
E

then the only nontrivial triple intersection number of (1, 1) classes in the Enriques CY is

Kabs = / wa A wp Awg = Cyp. (2.43)
X



3 Topological sigma models

Topological strings are, as all string theories, CFTs coupled to 2d gravity. The underlyng CFTs
are 2d nonlinear sigma models with a target space X, and they were introduced in [4-6]. We will
take X to be a CY manifold. This will guarantee among other things the conformal invariance
of the model.

There are two different sigma models that can be used to construct topological strings, and
they are referred to as type A and type B topological sigma models. Let us first explain what is
common to both of them.

3.1 General properties of topological sigma models

First of all, both models are based on a scalar, commuting field which is a map = : ¥, — X. On
top of that they both have Grassmann-valued fields and possess a Grassmann, scalar symmetry
Q which acts as a derivation and has the following properties:

1. It is nilpotent Q2 = 0.
2. The sigma model action is Q-exact:
S={Q,V} (3.1)
The quantity V is sometimes called the gauge fermion.

3. The energy-momentum tensor of this theory is also Q-exact,
T = {2, G}, (3.2)
where G, = 0V /dg"".
The last property is what makes these theories topological. Indeed, one can show that
the partition function of a theory with this property does not depend on the background two-

dimensional metric. This is easily proved, at least at a formal level. The partition function is
given by

7 = /D¢e_s, (3.3)

where ¢ denotes the set of fields of the theory, and we compute it in the background of a two-
dimensional metric hog on the Riemann surface. Since Tpg = 65/ 5¢g°?, we find that

0z
o = ~((Q.Gu ). (34)

where the bracket denotes an unnormalized vacuum expectation value. Since Q is a symmetry
of the theory, the above vacuum expectation value vanishes, and we find that Z is metric-
independent. Notice that Q is formally identical to a BRST operator, and this suggests that the
right operators to look at in the model are the Q cohomology classes, i.e. operators O which
satisfy

{Q.0}=0, O0#{Qu}. (35)



It is easy to see that the correlation functions of these operators are also metric independent.
This is because

1)
i1Oiy -+ O4,) = (04 Oy - Oy, Ty
5guy<0102 On> <0102 On 2 > (36)

= (040, 0;,{Q,Gw}) = £{Q,0;, 04, - -- 0;, G }) = 0.

In (3.4) and (3.6) we have ‘integrated by parts’ in field space, therefore we have assumed that
there are no contributions coming from boundary terms. In some situations this assumptions
does not hold, and we have contributions coming from the boundary of field space that lead to
anomalies in the @ symmetry, This is indeed the origin of the holomorphic anomaly equations
in topological string theory, which we will address later.

The metric-independence of the correlation functions in a topological field theory is very
surprising, since correlators of a generic QFT on a curved background will depend on the metric
—after all, this is what QFT in curved space is about!

The second surprising implication of Q-exactness of the action is that the semiclassical
approzimation is exact. To see this we explicitly introduce a coupling constant A,

— [poeis, (3.7)

and 57

S = =0, (33)
In particular, we can evaluate the partition function (and the correlation functions of Q invariant
operators) at h — 0, which is the semiclassical limit.

The structure of topological quantum field theories, as we have reviewed them here, leads
immediately to a procedure for constructing non-local observables starting from local ones. Let
us suppose that we have found an operator ¢(?) which is in the cohomology of Q, as well as
operators ¢\, n = 1,2, that are differential forms of degree n on ¥ such that,

dg™ = Qe+ pn > 0. (3.9)

In this equation, d denotes the exterior derivative on ¥. The operators ¢(™ are called the
topological descendants of (9. Tt is easy to see that the operator

W;(O) = / o™, (3.10)

Tn

where v, € H,(X), is a topological observable:

oWy = /qu /dgb(n_l) = /qb(”‘” =0, (3.11)
Ovn

since 07y, = 0. Similarly, it is easy to show if -, is trivial in homology (i.e. if it is J-exact),

then WQ(S(W(%) = 0 is Q-exact. Equations (3.9) are called descent equations. The conclusion of

this analysis is that, given a (scalar) topological observable #© and a solution to the descent
equations (3.9), one can construct a family of topological observables:

wOm) =1 b, n=1,2, 3.12
»(0)



in one-to-one correspondence with the homology classes of the Riemann surface X.
It is easy to see that in any theory where (3.2) is satisfied there is a simple procedure to
construct a solution to (3.9) given a scalar observable o) 1f (3.2) holds, then one has:

Pu = TOM = {Q, GM}’ (313)

where

G, = Go,. (3.14)

Since Q is a Grassmannian symmetry, G, is an anti-commuting operator and a one-form on .
If we are given a Q-invariant operator ¢(°)(z), we can use (3.14) to construct

¢Eﬁ)uz~~un(x) =G Gy - Gun¢(0) (), (3.15)

where n < 1,2. On the other hand, since the G, anti-commute,
1
P = agb,(ﬁ)m...undx“l Ao Adzin, (3.16)

is an n-form on ¥. By using (3.13), the Q-invariance of #0 as well as P, = 0,, one can easily
check that these forms satisfy the descent equations (3.9). This solution to (3.9) is usually called
the canonical solution to the descent equations.

A simple consequence of the descent procedure is that the perturbed action with the operators
(3.10) for n =2

Sww:s+z)%@% (3.17)

is also O-closed. Therefore, given an observable ¢(9), we can associate to it a deformation of the
theory which preserves Q-invariance and also Q-exactness of the energy-momentum tensor (this
is due to the fact that the perturbation involves integrating a two-form, so it is independent of
the metric on X). These are the topological analogues of marginal deformations in conventional
quantum field theory.

3.2 The type A model

We will denote real indices in the tangent space of the target manifold X by ¢, withi=1,--- , 2d.
We will also use complex coordinates on the worldsheet z = x! +iz?, Z = 2! — iz?. Locally, we

can always find a flat Euclidean metric whose components are given in these complex coordinates

by
1
92z = gz2 = bR 9zz = gzz = 0. (318)
The components of the epsilon tensor ¥ in complex coordinates are

€% = —¢*% = 2i. (3.19)
Finally, our choice of measure is d?z = —idz A dz.
The field content of the type-A topological sigma model is the following. First, we have a map
x : Xy — X from a Riemann surface of genus g to a Kahler manifold X of complex dimension
d. We also have Grassmann fields x € z*(TX), which are scalars on X , and a Grassmannian
one-form p,, with values in 2*(T'X). This last field satisfies a self-duality condition which implies
that its only non-zero components are

plea®(T0X),  plea(TOVX). (3.20)

~10 -



We also have an auxiliary field F;i which is also self-dual. The O symmetry acts on the fields as
follows:

[Q,2"] =
{Q,X'} =0,
{Q,pl} = 20za" + F] —Thyex”pf,
{Q.pl} = 20.2" + FI - Fzngpf, (321
[Q,Fl] = —2D:x! — T X FX — R ;55X ok,
[Q,Fl] = —2D.x" - Fﬂ—Kx"FZK + R jp My ok

Notice that, by construction, one has Q? = 0. Geometrically, if we interpret x* as the basis da’
of differential forms on X, we see that Q acts on 2%, X like the de Rham differential operator on
the target space X.

The action for the theory is,

1
522/ dzz[Gﬁ(élagxlﬁzx —2pZDzX 2pZDZX —FIFJ)
Eg

(3.22)

+ R[JKLpip;]XKXL}

One can easily check that
Sa={9,V}, (3.23)
where
_ 1 2 iz J _ J I
V—4 d°z/99""' G 7 puaaj —|—p8m Fl, Pl “Fl, (3.24)
by

g

In other words, the action is Q-exact. Since the action of Q does not depend on the two-
dimensional metric on X4, it immediately follows that the energy-momentum tensor is also Q-
exact. Therefore, the A model is a topological field theory of the cohomological type. In this
theory we also have a U(1) ghost number symmetry. The ghost numbers of the fields x, y and
p, Fare 0, 1, —1 and 0, respectively. Notice that the Grassmannian charge Q then has ghost
number 1. The ‘antighost’ G, appearing in (3.2) has ghost number —1.

The bosonic term in (3.22) can be written as

1 7 1 ¥i
2/2 d?2y/9G 5 (g™ — ie")Oya’ 02 = 2/2 d22\/§G”gW8uxl&,a:J+/ z*(w), (3.25)

Eg
where w is given in (2.4). This is because, in our conventions,
— — 1 —
7°(4) = A5 (001007 - Dz 0.7 ) a2 = S Az Dt 07 g% (3.26)

for any (1,1) form A,7.
On the other hand, the bosonic part of the standard nonlinear sigma model is given by

1
o= [ Py (G i)y, o
g

- 11 -



where B;7 are the components of a form
B = Bz’ Ada’ € HY'(X), (3.28)
called the B field. This is a real two-form, and its components satisfy
B;‘j = —B 7. (3.29)

In view of the above, we can write

SU:/ dgzgnazajlazx‘]—l—/ d2z§ﬁ85:r]82:nj

¥
! - (3.30)
= / d?z GIjQ(?gxlazx‘] - / = (J)
g Eg
where B
G7=Gr7+ By, Gr7=Gr7— Bz (3.31)
and
J =w+1B (3.32)

is called the complexified Kdhler form.

Remark 3.1. Although we are focusing on CY manifolds, the A model can be formulated on
any Kéhler (in fact, almost-Hermitian) manifold, see [4].

Since the A model is a cohomological field theory, the relevant operators, as we discussed in
the previous section, are the observables, i.e. the operators that belong to the Q-cohomology.
One can easily check that the Q-cohomology is given by operators of the form

Op = iy X'+ X, (3.33)

where ¢ = (bil...ipdxil A --- Adz® is a closed p-form representing a non-trivial class in HP(X).
Therefore, in this case the Q-cohomology is in one-to-one correspondence with the de Rham
cohomology of the target manifold X. This is in agreement with the fact that Q can be interpreted
as the de Rham differential on X. Notice that the degree of the differential form corresponds
to the ghost number of the operator. Moreover, one can derive a selection rule for correlation
functions of such operators: the vacuum expectation value (Og, - -- Og,) vanishes unless

¢
> deg(Oy,) = 2d(1—g) + 2/ z*(e1(X)), (3.34)

k=1 Xg

where deg(Og,) = deg(¢x) and ¢ (X) is the first Chern class of the Kéhler manifold X. This
selection rule arises as follows: the twisted theory has a U(1) ghost current, a global U(1)
symmetry that rotates the twisted fermions. Since x and p have opposite ghost numbers, this
symmetry is anomalous, and the anomaly is given by the r.h.s. of (3.34), which calculates the
number of zero modes of the twisted Dirac operator (in other words, the r.h.s. is minus the ghost
number of the vacuum). As usual in quantum field theory, the operators with non-trivial vacuum
expectation values have to soak up the zero modes associated to the anomaly. It is interesting
to note that, for Calabi—Yau threefolds, i.e. Kdhler manifolds of complex dimension 3, and such

- 12 —



that ¢1(X) = 0, the last term in (3.34) vanishes and the ghost number anomaly is 6 — 6g, as
in the usual bosonic string. This also indicates that, for g > 1, the theory is trivial since the
correlation functions of topological observables vanish.

As we have seen, in such a cohomological field theory one can compute correlation functions
by just doing a semi-classical computation. From the argument in (3.8), any field configuration
which gives a nonzero contribution to {Q, V'} will not contribute to the path integral, since it
will be suppressed in the & — 0 limit. But it is clear by looking at (3.22) that any holomorphic
map x : Xy — X, i.e. a map satisfying

dzal =0 (3.35)

leads to a vanishing bosonic action. The holomorphic maps are the instanton configurations of
the nonlinear sigma model on a Kéahler target. Therefore, the semiclassical evaluation of the
path integral in the A model will involve a sum over these instanton sectors. These sectors are
classified topologically by the homology class

B =xz[(Xg)] € Ho(X,Z). (3.36)

Sometimes it is useful to introduce a basis [S,] of Ho(X,Z), where a = 1,--- , A1 (X), in such a
way that we can expand 3 as

ﬁ = Zna[sa]- (337)

The instanton sectors are then labelled by h''!(X) integers n,. These instantons are also called
worldsheet instantons. If we introduce the complexified Kahler parameters with respect to this
basis,

ta:/ T, i=1,- hM(X), (3.38)
Sa

where J is the complexified Kéhler form of X, we can write

/Eg e(J) = /5‘7 = Za:nata. (3.39)

A simple analysis (see, for example, [4, 6]) shows that the contribution of an instanton sector to
the path integral reduces to an integration over the moduli space of instantons in that sector.
We will now focus on operators of the form

oV = A\, (3.40)

where B
A= Adz" Ada’ (3.41)

is a closed (1,1)-form. It can be seen that the 2-form operator
— A5 (azxfagxf — 9sxla,27 ) (3.42)

satisfies the descent equations (3.9) (see below, (3.121), for a derivation). Therefore, due to our
general discussion, we can use to perturb the action. The corresponding integrated operator can
be written as

/ o* (i), (3.43)
¥

g
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where A is the differential form (3.41). This perturbation has an easy interpretation: it corre-
sponds to a shift

J—J—iA (3.44)

in the second term of (3.30), involving the complexified Kéhler form. We can interpret it as a
deformation that changes the Kéhler form chosen to construct the model. This means that the
observables of the form (3.40), of which there are h!(X), correspond to deformations of the
Kahler structure.

Let us now present some results for the correlation functions of the A model on a Calabi-Yau
threefold X involving three operators (ﬁf) (3.40). The selection rule (3.34) says that, in genus
g = 0 (i.e. when the Riemann surface is a sphere) and on a Calabi—Yau threefold, these correlation
functions are generically non-vanishing. The computation of a given correlation function involves
summing over the different topological sectors of worldsheet instantons. In the trivial sector, i.e.
when 8 = 0, the image of the sphere is a point in the target. The moduli space of instantons is
just the target space X, and the correlation function is just

Kabe = / Ay NAp AN A, (3.45)
X

which is the classical intersection number of the divisors associated to these forms. The non-
trivial instanton sectors give an infinite series. The final answer is

Cate = — (06D ) = —kabe — Y To3,5(Aas Ay A)QP. (3.46)
B

Here we have used the notation

Qu=e", Q" =] (3.47)

a

This correlation function is called the Yukawa coupling for historical reasons. The coefficient
In3.3(Aq, Ay, Ac) ‘counts’ in an appropriate sense the number of holomorphic maps from the

sphere to the Calabi-Yau that send the point of insertion of ¢ A) to the divisor D; which is
Poincaré dual to A;. It can be shown that the coefficients Iy 3 3 (Aa, Ap, Ac) can be written as

lo3,5(Aa; Ap, Ac Nog/ /Ab/Ac, (3.48)

in terms of invariants Ny 3 that encode all the information about the three-point functions (3.46)
of the topological sigma model. The invariants Ny g are our first example of Gromov-Witten
invariants. It is convenient to put all these invariants together in a generating functional called
the prepotential:

1
Fy(t) = gnabct“tbtc + Z Nog Q°. (3.49)

This prepotential depends on the h''(X) complexified Kihler parameters of the Calabi-Yau X.
Exercise 3.2. Show that
P Fy

m = abc — _<AaAbAC> (350)
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3.3 The type B model

The field content of the type B model is the following: a map x : ¥, — X, which is a scalar,

commuting field, two sets of Grassmann fields 777, ol € 2+ (T'X), which are scalars on ¥, and a
Grassmannian one-form on ¥, pL, with values in 2*(TX). We also have commuting auxiliary

fields F!, F. We follow here the formulation presented in [7]. The Q-transformations read

[Q,2"] =0, {Q.n'} =0,

Q.27 =1, {Q.01} =G 57, (3.51)
{Q.0l} =0.2"  [Q F')=D.pl — D:pl + R 7.l p¥,
{Qriy=0:a", [0 F) = —TL_y/FFK,

and satisfy @2 = 0. Notice that Q acts differently on holomorphic and anti-holomorphic co-
ordinates. In contrast to what happens in the type-A model, it depends explicitly on the splitting
between holomorphic and anti-holomorphic co-ordinates on X, in other words, it depends explic-
itly on the choice of complex structure on X. If we interpret n! as a basis for anti-holomorphic
differential forms on X, the action of Q on z!, 2! may be interpreted as the Dolbeault anti-

holomorphic differential . The action for the theory is

Sp = / d?z [G,j(azxfaga:j + 0:2'0.27) — pL(G5D:n” + D6r)
s (3.52)
— pH(GgD:n” — D.0;) — R ;7 en*pl pK0r — GIjFIFJ] .

We can explicitly introduce the metric on ¥, in this action and verify that it is Q-exact:
Sp={Q,V}, (3.53)

where V' is now given by

V= . d*z/g [Gljg“”pﬁa,,x‘] - FIGI]. (3.54)
g9
Finally, we also have a U(1) ghost number symmetry, in which z, 1, # and p have ghost numbers
0, 1, 1, and —1, respectively.

Since the action is Q-exact, the theory is topological and the semi-classical approximation
is exact. In contrast to the type-A model, only constant maps x : ¥, — X contribute to the
path integral in the B model. This is because the bosonic part of the action in (3.52) does not
vanish unless x is constant (notice that it contains the bosonic part of the A model Lagrangian,
plus its complex conjugate). Any nonconstant configuration will lead to a nonzero action which
is suppressed as & — 0 in (3.8). It follows that path integrals in the type-B model reduce to
integrals over X, as found by Witten [6].

What are the observables in this theory? It is easy to see that the operators in the O-
cohomology are of the form

Op = ! 3t 2,6, (3.55)
where 9
_ o Jiedg g T T
¢_¢71---Tzdm LA ANdx pale /\.../\ﬂ (3.56)
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is an element of Hg(X, NITX) (more precisely, these operators are closed on-shell, by using

the equations of motion which set F/ = 0). Therefore, the Q-cohomology is in one-to-one
correspondence with the twisted Dolbeault cohomology of the target manifold X. We can then
consider correlation functions of the form

(JT %s.)- (3.57)
a
This correlation function vanishes unless the following selection rule is satisfied:

Zpa = ZQa = d(l - g)’ (358)

where g is the genus of the Riemann surface. This selection rule comes from a U(1)r, x U(1)r
anomalous, global symmetry of the model which refines the ghost number, as we will se below.
Due to the arguments presented above, this correlation function can be computed in the semi-
classical limit, where the path integral reduces to an integration over the target X. The product
of operators in (3.57) corresponds to a form in Hg(X , AT X). To integrate such a form over X
we crucially need the Calabi—Yau condition. This arises as follows. One of the most important
properties of Calabi-Yau manifolds (which can actually be taken as their defining feature) is that
they have a holomorphic, nowhere-vanishing section € of the canonical bundle Ky = Q%9(X).
Since the section is nowhere-vanishing, the canonical line bundle is trivial and we recover the
condition ¢1(Kx) = ¢1(X) = 0. This means in particular that we have an invertible map

TLQUP(NITX) — QITTP(X) (3.59)
which sends ¢ in (3.56) to

& = ONQ=Qyryr o, datert e A del A dat - A da (3.60)

where ‘gle (d,0)-form €2 is used to contract the indices. Since 2 is holomorphic, this descends
to the 0-cohomology. It then follows that an element in Hg(X ,AYTX) maps to an element in

H%d(X ). After further multiplication by (2, one can then integrate a (d, d)-form over X. This is
the prescription to compute correlation functions like (3.57).

An important example of this procedure is the case of a Calabi—Yau threefold, d = 3, and
operators of the form

Oy = ¢in'0, (3.61)

associated to forms in H%(X, TX), or by using (3.60), to forms in Hg’l(X). These operators
are important since, as we will see, they correspond to infinitesimal deformations of the complex
structure of X. The selection rule (3.58) says that we have to integrate three of these operators,
and the correlation function reads in this case

Cute = (05, 05,04.) = /X QA (62 (002 (68 Urpds™ AdT2 AT (3.62)

This correlation function is the B-model version of the Yukawa coupling. It turns out that,
in contrast to the A-model correlation functions, the Yukawa couplings of the B-model can be
computed more or less straightforwardly. In order to do this, we have to relate them to a more
general geometric problem which is the variation of complex structures of the CY manifold X,
and which is addressed in the next subsection.

Some remarks are in order:
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1. The computation of the Yukawa coupling depends on the normalization of 2. Since this is a
nowhere vanishing holomorphic form, it can be redefined by multiplying it by a nonvanishing
constant on X. As we will see when we consider the problem in the context of variation
of complex structures, this means that {2 is actually a section of a line bundle £ over the
moduli space of complex structures M, therefore Cyp. is a section of £2.

2. Notice that the map (3.60) is invertible. In the three-fold case, the only one we will consider
in certain detail, the inverse map is simply

1 —<IKkL
I _
¢l = 2’Q|2Q - (3.63)
where 1
—IJK
QP = 5 MK Q (3.64)

3. One can use the operators (3.61) and the descent procedure to construct topological per-
turbations of the B-model. Here, these perturbations are more subtle, as pointed out in
[6], due to the fact that the observables are only closed on-shell. A detailed treatment of
these perturbations and their connection to Kodaira—Spencer theory can be found in [7].

3.4 N =2 supersymmetry

Let us first summarize the main results on the topological sigma models.

[ [ A model || B model |
field configurations holomorphic maps constant maps
moduli/observables Kaéhler parameters || complex parameters

prepotential Fy || Gromov—Witten invariants period integrals

In this and the next section, we derive these models from what is called twisted N' = 2
supersymmetry. First we give a brief summary of the AN/ = 2 supersymmetric sigma model. We
will follow very closely the presentation of [5], but adapt the conventions to those in [8]. This
amounts to exchange z <> Z in [5].

Let us first state our notation and conventions for N’ = 2 supersymmetry. Our choice of
Euclidean Dirac matrices v* is

(71)0/3 = O-la (72)046 = _027

where o', 02 are Pauli matrices. We will denote the spinor indices by a@ = 4, —, and they are

lowered and raised by the matrix C,g = ol, so that (Y1) ag = Lag, (V) as = 1(03)as-

The generators of A/ = 2 supersymmetry are denoted by Qn., where a = +, — are Lorentz
indices, and a = +,— are R-charge indices. The N/ = 2 supersymmetry algebra contains the
following relations:

1
{Qay,Qp-} zygﬁpu’ [Fr,Q+s] ==+ §Q+i7

{Qax, Qp+} =0, 1Fr, Q-] =0, (3.65)

1 [FL7Q+:|:] :07
[']7 Qia] == iQim 1
[Fr, Q1] =+ iQ—ﬁ:-
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We have assumed that there are no central charges in the algebra. J is the generator of Lorentz
SO(2) transformations and F, g are the left and right internal U(1) currents, respectively. They
combine into vectorial and axial currents Fy, F4 as follows:

Fy =Fr+ Fp, Fy=Fgr— Fr. (366)

Notice that
{Q—,—‘r? Q—,—} = 2827 {Q+,+7 Q+,—} = 285 (367)

We will consider here a theory for an A/ = 2 chiral multiplet. A convenient description of
this multiplet is by using A/ = 2 superspace in two dimensions, which is essentially identical
to the usual N/ = 1 superspace in four dimensions. In N = 2 superspace we have superspace
covariant derivatives D, satisfying the following algebra:

{D_+ ., D} =20, {Diy, Dy_}=20; (3.68)

while all other anti-commutators among the D, vanish. The two basic N' = 2 multiplets are
described by a scalar N' = 2 superfield ® satisfying the following relations:

Dy ®=D__&=0, chiral,

(3.69)
Dy ®=D__®=0, twisted chiral.
There exist also the antichiral and the twisted antichiral versions of these multiplets,
Dy ®=D_,.%=0, antichiral,
_ _ (3.70)
D, ®=D__®=0, twisted antichiral.

Let us now consider a collection of d chiral superfields ®!, and d anti-chiral superfields <I>T,

where I,1 =1,---,d. We can define component fields for these superfields as follows:
| =, o =,
Do @' =9l ,, Do-®| =9l _, (3.71)

D_ Dy @' =F, D, D__o!|= FL,”,

where the vertical bar means that we take the component of the superfield with § = 0. Here,
FI 444 and F _{__7__ are auxiliary fields. We can also write down very easily the supersymmetry
transformations of the different component fields under the NV = 2 supersymmetry. For an N = 2
superfield the transformation rule takes the form

5® = Qe ®, (3.72)
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where n®® is a constant N' = 2 supersymmetry parameter. Projecting onto components, and
using the definitions (3.71), one finds

sxl =nttyl  +ptyl
Oy =0 TFL 20l
51/1£7+ = —77J“+F£+7+Jr + 207" 0,
SFI =20l | — 2T ol
dul =l _4ntyd

ol =ntFL ot o,

(3.73)

ol =-—n"FL __+omttoal,
SFL___ =omttoxpl _ —2pmtol .

The transformations under the R-symmetry can be read off from the U(1) indices of the fields.

The supersymmetric sigma model is defined by the following action in superspace for the
superfields ®!, &/, I, T =1,--- ,d:

1 -
Sk = 2/d2zd49 K(®!, o). (3.74)

Geometrically, this is a sigma model whose target is a Kahler manifold of complex dimension d,
with local complex co-ordinates given by z!, /. The Kihler potential is K (xl ! ), while the

Kahler metric is given by
’K
G, 7= _. 3.75
1J 8.%'[8.7}‘] ( )

The odd part of the measure can be expressed in terms of covariant derivatives as follows

d*¢ - D_,D, D__Dy . (3.76)

This makes possible to compute (3.74) efficiently. A simple computation indeed produces the
action

1

2

+ 3K‘9ZG1J¢—I§+¢£—¢£+¢J{— - aKG1J¢£+F—i—,——¢f+ - aRGIJ¢f—F£+7++¢£—] :

/d22 [Glj( ~Fl R ol Dol 297 Dl 420,07 907 4 20:270.27)

(3.77)
In this equation, D, is the covariant derivative on sections of the pull-back of the tangent bundle,

Dyl = 8l + (8’ Tk, (3.78)

The action (3.77) is not covariant, but can be made so by redefining the auxiliary fields

I I 1 J K
Flyr 28 o F DRy,

T T I J K (3.79)
Fl___—F{___+TLpl ¢f_.
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The action (3.77) then becomes,

1

SK2

/ @2 G 5( — 4270.0:0" - 200 Doyl — 207 Dl —FL P ) 50
3.80

+ RfJRL¢f+¢E_¢£+1/J£_] .

This is not the most general action that can be written in superspace, since it only involves
D-terms. One can add F-terms, i.e. a superpotential W (X') for the chiral multiplets:

/ Pz (d*OW (XT) + 20w (x! ) (3.81)

Here, the odd part of the measure is expressed as

d*0 - Dy D_ .,
_ (3.82)
d20 — D_,_‘D+7_‘

This leads to Landau—Ginzburg models in two dimensions. One can also add a different set
of potential terms that do not admit a superspace representation. We will not consider these
more general models here, although they lead to very interesting topological field theories in two
dimensions. In particular, Landau—Ginzburg models play a crucial role in many developments of
topological string theory.

It is also possible to consider a superpotential for twisted chiral superfields. In that case, the
odd part of the measure reads

d?0 — Dy D_ _,

— (3.83)
d?0 — D_ D, _.

3.5 Topological twist

The supersymmetric sigma model that we defined in the last section can be twisted in two different
ways to produce two inequivalent topological quantum field theories in two dimensions. These
two inequivalent twisting procedures are called the A-twist and the B-twist, and they give rise to
the topological type-A sigma model and the topological type-B sigma model, respectively. The
A-twisting was introduced by Witten in [4], while the B-twisting was introduced in [5, 6, 9].

The twisting procedure amounts to a redefinition of the spin of the fields (equivalently, of
the energy-momentum tensor of the theory) by using the internal Fy or F4 currents. In the
A-twist, one redefines the spin current as follows:

A—twist: J=J+Fy, (3.84)
while in the B-twist the redefinition is given by
B —twist: J=J+ Fy. (3.85)

There are other possible (albeit equivalent) conventions. The convention used here is the one in

[8].

The above redefinition means that we are replacing the U(1)g Lorentz symmetry by the
diagonal embedding U(1); C U(1)g x U(1)y,4 for the A- and the B-twist, respectively. It is very
illuminating to make a table where we write down the quantum numbers of all the components
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Oy [0 | U5 | Atwist U1V, | Botwist U1V,
Qi+ | +1/2| +1/2 | +1/2 -1 —1
Q-+ | +1/2| —1/2| —1/2 0 +1
Qe | —1/2| —1/2| +1/2 0 0
Q-— | —-1/2| +1/2| —-1/2 +1 0

Table 1. Quantum numbers of @,, under the different U(1) symmetries.

of Qo under the different symmetries involved. We see that in both cases one gets two scalar
supercharges, and one vector-valued supercharge. This suggests defining the following operator,
also called the topological charge,

A — twist : Q = QJr’f + Q77+,

(3.86)
B—-twist: Q=Q4+_+Q__,

which is a scalar in the resulting theories. Q is a Grassmannian, scalar charge, so twisted theories
violate the spin-statistics theorem. We will also define a vector charge G, through the following
equations:

A — twist : Gz = Q_7_, Gg = QJ,_’J,_,
B — twist : Gz = Q_H,_, Gg = Q+,+'

One can check that, as a consequence of the supersymmetry algebra, the topological charge is
nilpotent,

(3.87)

Q% =0, (3.88)

and also that
{Q.Gu} =Py (3.89)

These are the most important relations characterizing the so-called topological algebra that is
obtained by the twist of the N’ = 2 algebra.

The transformations of the fields under the topological charge O can be simply obtained
from the supersymmetry transformations (3.73). In the case of the A-twists, it is convenient to
define the fields

XI = ¢£7+7 Pé = ¢i7+, FEI = F£+,++7 (3.90)
X'=vl_, pl=vl_, Fl=F[_ __.
The action (3.80) becomes, after the twisting,
1 I — — — _
5 =3 /E d?z[Gﬁ( — FIF) —2pID.x" — 2p! Dsx! + 20:2' 0,27 + 20,2 0:27)
g
+OKOTG 0% px X! — Ok G X FY pf — 0 G X Fip! | (3.91)

The topological charge Q acts as follows on the fields:
[Q, xz] :Xiv {Qa pé} :282'TI + ﬁg? [Q? FEI] == 282)([7

{Q,x'} =0, {9, pZ} 20,27 + FZT, [Q, F;] =— 28ZXT.
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In particular, we can write

S, = Sk —1i /Z 2*(B) (3.92)

g

as

S, = / 22 {Q.va) — (), (3.93)

where

1
2

1 R —
+ Z(GKG XX plpl+ 905G Jprépi)-

1
VG = G[J|:pzax erzax pIFJ:OzeI:|

(3.94)

Later on it will be useful to think regard v as a functional defined for an arbitrary (1,1) tensor,
and not only the metric G;7. In order to obtain (3.22) we redefine the auxiliary fields as in
(3.79):

Fl = F+ 1o, FI = FI+ T 7 . (3.95)

Finally, we point out that the ghost number current of the A model is just —2F}4.

To make contact with the B-model introduced above it is convenient to define the following
fields:

7 7 I I
pl=2l ., X'=vl_, F =2F, ., (3.96)
pé = 2¢i7+ YT = 3_7 Fl = 2F_T~__,__.
as well as the following redefinition suggested by Witten in [6]:
n'=x"+x,
_ (3.97)

or = Gry(x” — %)

In this way one recovers the type B topological sigma model. We also point out that the ghost
number current of the model is now —2Fy,, and that the refined ghost numbers which were used
in (3.58) come precisely from Fr, Fg.

3.6 Topological sigma models as twisted superconformal field theories

The N = (2,2) supersymmetric sigma model turns out to be conformally invariant precisely in
the Calabi-Yau case ¢1(X) = 0. This is due to the fact that the S function is proportional to the
Ricci tensor. Therefore, the supersymmetry algebra (3.65) gets promoted in this case to the full
N = (2,2) superconformal algebra. This algebra has two isomorphic sectors (L and R), and we
will put a bar over the generators in the R sector. In the L sector we have two supersymmetric
currents G*(z), an energy momentum tenson 7T'(z), and an R-current .J(z). The modes of these
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currents satisfy the superconformal algebra

(GG} = 2Lris = (r = ) e+ 5 (7 = 1/4)0, 450,

[Lpn, Lin] = (n—m)Lptm + T(;n(nz — 1)0n4m,0,

L. ot = (" _ +

(L0, GF) = (5 =7) G (3.98)
[Lna Jm] = *mJner»

[‘]na Jm] = §n5n+m,0’

[Jn, GE] = +GF

n-+nr»

where c is the central charge. There is a similar set of relations for the R sector. The currents
G* have conformal weight h = 3/2, and we point out that in a unitary theory G = (G™)T. We
will consider the NS sector of the algebra where m,n € Z while r, s € Z + %

The supersymmetric algebra is present in the superconformal algebra by doing the following
identifications for the supercharges:

Q-‘r,-‘r = é:1/27 Q—,-i— = Gi_l/gv

i (3.99)
Q+,* = G—1/27 Q*,f = G:l/g'
For the bosonic generators we have
PZ:L—17 PE_L—lv
1 1— (3.100)
Fr = —J Fr=—=J
L= 570, R 570
while the spin J is given by B
J =Ly — Ly.

Let us now discuss the structure of the twisted theory after taking into account the extra
structure provided by conformal symmetry. We will discuss the A-model in detail. A similar,
“mirror” discussion, applies to the B-model.

After the A-twisting, two of the G currents have conformal weight h = 1, and lead to

— B
GTljy Glip— Q2), Q(2), (3.101)
which add up to Q. The other two currents have spin 2 and lead to
G~y Goyp = G(2), G(2), (3.102)

which are the operators introduced in (3.87). Since the conformal weight of the fields have
changed, their modding is changed as well. We have,

G(z) = Z Gpz "2, G(2) = Zéni_”_2,

neL neL

Q)=> Q="' Q) =)_Q.=z "

nel nez

(3.103)
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therefore the twisting leads to the following change of modding in the superconformal algebra,

GT = Qm,
(3.104)
S —1Mm — 5,
and
G, — Gy,
1 (3.105)
s—n—+ 5,

Notice that, since Q(z) and Q(z) have spin 1, we can form two conserved, scalar charges

Q= Q). Qo= §a:Q0) (3.106)
and the scalar supercharge (3.86) is given by
Q= Qo+ Q. (3.107)

In order to have a consistent conformal algebra, we have to modify the energy-momentum tensor
of the theory as follows

T(2) - T() + %&](z) (3.108)

and similarly for the R sector. It follows that the spin generator becomes
1 _
J = jgdz(zT(z) —2ZT(2)) = Lo — Lo + 5(JO —Jo)=J+ Fy, (3.109)

which was our previous definition of twist (3.85) for the A model. Finally, exactness of the
energy-momentum tensor means in this language that

T(z) = {Q,G(2)}. (3.110)

One can check that the new currents form an algebra, sometimes called the conformal topological
algebra [10]. The CFT point of view makes clear that there are in fact two different, independent
topological charges (one for each chiral sector). Equivalently, together with Q there is another
nilpotent scalar charge

M = Qo — Q, (3.111)
as well as two other charges G,, Gz. A perturbation of the action in CFT is given by

Zt“/d% e +Zt‘a/d%¢§f), (3.112)

where

oD ={G.[G 0", B = {6 G A (3.113)

In CFT, the fields QSELO, 5((10) are chiral (respectively, antichiral) fields. Indeed, one can see that a
(q,q) field becomes a Q-closed operator in the A model, while in the B-model it is a (a, c) field
that becomes a topological observable. Also, in CFT, the condition for the perturbation to be

marginal is that the operator ¢go has conformal weights (h,h) = (1/2,1/2). For an (a,a) field
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this means that its Jy, Jo charges must be (1,1). In the A-model, this corresponds precisely to
the operators (3.40).

Notice that, in the twisted topological theory, the holomorphic perturbation which couples
to t* becomes

{Gz7 [G27¢a]} (3.114)

which is nothing but the two-form descendant ((;5((12)) »5. The antiholomorphic perturbation which
couples to t% can be written as

{Qo, [@0, 3]} = — 210, 1M, 37}, (3.115)

2
and it is O exact, therefore it should decouple from correlation functions. It turns out that this
is not the case, and this leads to the famous holomorphic anomaly, as we will discuss.
Let us work out the extended topological algebra in the A model. The action of the M, G >
operators is easiliy obtained from (3.73) and reads,

[M, 2] = —x', (M, 2] = x',
Gz, =0, G, 2] %pf, (3.116)
S (G=,2'] =0,
{M,x"} =0, {M,x"} =0,
{Gax'} = 0., (G} = —%Ff, (3.117)
{G=x') = _%FEI’ {Gz,Xi} = 9za,
{M,pl} = 20:a" — FI, {M,pl} = —20.27 + FI,
{G.,pL} =0, (G.,pl} =0, (3.118)
{Gz,pl} =0, (G, pl} =0,
M, F = —20.x", (M, FI] = 20\,
G.,F]] =0, G.,Fl] = 0.pL, (3.119)

[G57F,zl] = 8ZP£,

[Givﬁg] = 0.

Here, FI, F! are the auxililary fields introduced in (3.90).
We can now compute the perturbation (3.113). The first perturbation in (3.113) is nothing
but the descendant field ¢(2) associated to an operator ¢y. We will assume that ¢(©) satisfies

[Qo, ¢V)] = [y, ¢'V] =0 (3.120)
so that, from the point of view of N/ = 2 supersymmetry, it corresponds to a twisted chiral

operator. Let us consider operators of the form (3.40) where (3.41) satisfies 04 = 94 = 0
to comply with (3.120). A simple computation produces the following result for the canonical

— 95—



descendant,
6% = {G..[G=, 6]}
_i [Alj( — FIF — 25! D.x7 — 27 Do’ + 40,27 0:27) (3.121)
+ OKOp A8 P X — O Ap B pE = 0 A KBl
which can be written as
¢Ef) =—A; <8Zx185xj — 853618330“7) — %{Q,’UA}, (3.122)

where vy is the operator introduced in (3.94), but expressed in terms of the tensor A5 instead
of G 5. Therefore, up to a Q-exact piece, this is the two-form (3.42) on ¥, associated to A, as
it should be since (3.122) is just the canonical solution to the descent equations.

What is 5(0)? This should correspond to a twisted antichiral field, i.e. it has to satisfy
—(0 —(0
(¢..3"y = (6,31 =0 (3.123)

A natural candidate is the operator

0 1 i i
¢( = A0z Ipl = g'fWAfjﬂiﬂz{ (3.124)

z

which is a two-form. These operators can be regarded as observables of the antitopological theory
[11].

Exercise 3.3. Check that the operator 5(0) indeed satisfies (3.123). For this one needs that
Thxpips = (3.125)

due to the symmetry of the Christoffel symbol.

The perturbed operator corresponding to (3.124) can be easily computed. First notice that

(44,3] = v, (3.126)
therefore
i = —*{Q va}
T 1 [AIJ( — FIE —2plD.x" — 20/ Doy’ + 4022027 (3.127)

+ OKOp A8 PN = O A B pE — 0 A S Flpl .
A consequence of (3.121) and (3.127) is that (3.93) can be written as

S, = /sz{Qo,[QO,qﬁ ]}—i—/sz{GZ,{Gg,qb(_%}}, (3.128)

where G, G where introduced in (3.31). Therefore, perturbations of the form (3.121) correspond to
perturbations of the complexified Kéahler form, and they are holomorphic in J, or equivalently,
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in the parameters ¢t introduced in (3.38). Perturbations of the form (3.127) correspond to
perturbations of the comjugate complexified Kahler form, and they are antiholomorphic on 7,
so they depend on t%. A similar conclusion holds for the B model. Of course, in the physical,
unitary supersymmetric sigma model, one has

1 =, (3.129)

but in the topological field theory t%, t* can be regarded as independent variables, and they
indeed play a different role: the perturbations on t® lead to topological perturbations of the
action, while the perturbations on t* are Q-exact and in principle decouple.

4 Special geometry and the moduli space of complex structures
Good review references for this section are [12-15].

4.1 The moduli space of complex structures

The theory of deformation of complex structures was started by Kodaira and Spencer. A standard
review can be found in the book by Kodaira [16]. A complex manifold M can be considered as
a set of domains {U;} in C" glued by coordinate transformations f;, which are biholomorphic
functions. A deformation of the complex structure of X is a variation of these transition functions
depending on some complex parameters z = (z!,--- , 2°. This deformation generates a family of
complex manifolds that will be denoted by X. It follows from this definition that infinitesimal
deformations of X are always elements in the sheaf cohomology group H'(X,TX), which is
isomorphic to the Dolbeault group H%(X ,TX). However, the converse is not true. In other
words, topological obstructions to integrate an infinitesimal deformation are found in general, and
therefore not every d-closed vector (0, 1)-form is associated to a family of complex manifolds. The
right condition for a vector (0, 1)-form ¢(z) to represent a deformation of the complex structure
is that it verifies the Kodaira-Spencer equation

99(2) = S[0(2), 9(2)], (4.1)

and the initial condition ¢(0) = 0. In (4.1) the bracket between a vector (0, p)-form ¢ = >"_ ¢“0,
and a vector (0, ¢q)-form ¢ =) 1“0, is defined by:

(6,0 = > (6% A a0 = (=196 £ 8267 ) 9. (4:2)
a.p
In coordinates, we can write
7 0
_ aJ .0
and the Kodaira—Spencer equation reads
o5 = ofrOK ok, (4.4)

Notice that, at linear order, we have that indeed ¢ has to be in H'(X,TX).
Another, more intuitive way of understanding Kodaira—Spencer theory is to regard the de-
formation of complex structures as a deformation of the Dolbeault 0-operator

97 =07 — ¢20;, (4.5)
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Requiring now that the new Dolbeault operator is nilpotent, (5’)2 = 0, leads immediately to (4.4).
It is then easy to see that a vector (0, 1)-form V' is closed under the new Dolbeault operator if it
satisfies

VvV = [¢,V]. (4.6)

This description of Kodaira—Spencer theory has a nice field theory realization [7] obtained by
considering deformations of the type B model, as suggested in [6].

The problem of topological obstructions can be now formulated as follows (we assume for
simplicity that there is a single parameter z for the complex structures): one can show that every
¢(z) representing a complex deformation verifies

(a(g(;))zzo € HY(X,TX) (4.7)

so an infinitesimal deformation ¢1 € H'(X,TX) is unobstructed if one can find a solution ¢(z)

to (4.1) such that
() o

It has been proven by Tian [17] and Todorov [18] that, when X is a Calabi-Yau manifold,
every infinitesimal deformation is unobstructed. More precisely, given ¢1 € H'(X,TX), there is
a power expansion in the parameter z

B(2) = p12 + dpa2® + -+ (4.9)

such that ¢(z) satisfies (4.1) and therefore corresponds to a deformation of the complex structure.
In fact, the vector (0,1)-forms appearing in this series are obtained by solving inductively the
Kodaira—Spencer equation at order n in t:

n—1

Do = 5 3 (66,601 (4.10)

=1

In this way, when X is CY, deformations of the complex structure are in one to one correspon-
dence with d-closed vector (0, 1)-forms.

From this brief review we have two consequences: first of all, in the CY case, the moduli space
of complex structures is of dimension h?!(X). This is easily seen by taking into account that, due
to the invertible map (3.60), 0-closed vector (0, 1)-forms are in one-to-one correspondence with
O-closed (2,1) forms. We will denote by 2%, a = 1,---, h*!(X), local complex coordinates for
this space. Second, the operators (3.56) for p = ¢ = 1 correspond to infinitesimal deformations
of the complex structure of the CY X.

It turns out that, in the case of CY manifolds, the best way to understand the variation
of complex structures is by considering the holomorphic 3-form 2 as a function of the complex
deformation parameters t*. A basic result in the theory of deformation of complex structures is

that
890
Foa = G A QU+ ke € B (X) & HOO(X), (4.11)

where ¢, is a closed, vector (0,1) form, and k, might depend on the moduli but not on the
coordinates of X. Using the map (3.60) one can write this as

o0
% = Xa + kaQ (412)
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where x, = ¢/, is a (2,1) form. The result (4.11) can be easily understood by taking into account
that a deformation (4. ) induces a deformation

da! = dya! = da! + ¢Lda’ (4.13)

of the basis of holomorphic differentials. Therefore, a closed (3,0) form becomes a linear combi-
nation of a closed (3,0) form and a closed (2,1) form.
By the same token, one finds that

9%Q
H¥Y(X)o H*Y(X) o H(X 4.14
82“8zb € ( ) D ( ) @ ( ) ( )
and the (2,1) part of this is given by
&p AN OaQ =g ANy AN = (g N\ Bp). (4.15)
Due to type considerations, it follows that
o0
QA =0 4.16
|angs (4.16)
and also that 20
QAN ———=0. 4.17
/X 022020 (4.17)
If we now take a derivative of this last equation, we find
2%Q o0 0’Q
ON———F——=—| —N—— 4.1
/ " 0220200z¢ x 0z2¢ A 020020 (4.18)
The term in the r.h.s. is nothing but (3.62), therefore we find the following alternative expression
for the Yukawa coupling
Coae = / AL (4.19)
abe 02902b02¢" ’

Remark 4.1. This is denoted by —kgpe in [12]. This introduces certain minus signs in the
equations, but preserves the relation to the third derivative of the prepotential, as we will see.

The moduli space of complex structures, whose infinitesimal deformations can be identified
with the elements in H?(X), has a very rich geometric structures. We define the Kdhler potential
as

K(X,X)=—log (i/XQ/\Q>. (4.20)

Since we have a Kahler potential, the moduli space of complex structures is a Kdhler manifold.
The Kahler metric is given by

Jx0QANQ [ QANGQ [ 0.2 N
(fXQ/\ﬁ)2 Jxana

where we have used the fact that € is holomorphic w.r.t. the generic complex coordinates z“.
Using now the key equation (4.12) we obtain

/GQAQ—k /Q/\Q

/GGQ/\&I)Q:/ (Xa—Fka,Q)/\(Xb—i-E'bQ):/Xa/\Xb—‘rkaE‘b/Q/\Q,
X X X X

G = 0.0,K = (4.21)

(4.22)
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therefore

a N Xp
G = —JxXe N5, (123)
JxanQ
As in any Kéahler manifold, we have the following formulae for the Christoffel symbols
= G"0yG e, IY =G0 (4.24)
There is an additional structure on M which is related to the freedom in rescaling §2,
Q — X, (4.25)
This induces the following transformation on the Kahler form,
K(X,X) — K(X,X) - f(X) - F(%). (4.26)

These transformations should be regarded as a U(1) gauge symmetry. Therefore, there is a U(1)
gauge bundle, i.e. a line bundle £ (called the Hodge bundle) over the moduli space of complex
structures M, and 2 is then a section of L. Since there is a gauge symmetry, there should be
also a gauge connection on L. It is given by

Ay, = 0, K. (4.27)
Notice that, with this connection, the covariant derivative
Dy = 0 + 0o K (4.28)
of the section 2 transforms well under (4.25) and (4.26):
D — /D, (4.29)

Let us now go back to (4.12). We can write

0 .0 = . K
8za 1W/QAQ_1/AQ /XQ/\Q—kae , (4.30)

and we conclude

ko = —K,. (4.31)

In particular, we can write (4.12) as
Duf = Ya. (4.32)

In general, we will have sections ¥ of the bundle £” ® £, whose covariant derivatives are
DoV = (04 +nkKa) ¥, DV = (0 + mKg) V. (4.33)

We note that, in view of the transformation (4.26), the exponential of the Kihler parameter e
has charges (—1,—1).

It follows from the above considerations that
[Da, D3| = (0q + Kq) (059Q2) — 05 (0a82 + K,Q2) (4.34)

i.e.

[Da, D5)Q = —G ;. (4.35)
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The commutator in the Lh.s. defines the curvature of the bundle £, and we conclude that

Foip=—Gp (4.36)

It follows from this that the Kéahler form on M is 27 times the Chern class of £. In this geometric
setting, the Yukawa coupling C,p. has to be understood as a holomorphic section of the bundle

Sym?(T* M) ® L2. (4.37)

There is a natural induced connection for tensors in T* M ® L", namely the product connec-
tion of the Riemannian connection on M and the connection on L. The corresponding covariant
derivative is

D, =D, +nd, K, (4.38)

where D, is the covariant derivative on T*M, i.e.
[Da], = 050, — 'y, (4.39)

Let us now derive some further important properties of the geometry of moduli space. We
want to calculate the covariant derivatives of x, and X;. We note that they are sections of £ and
L, respectively. Let us start with the easier one,

DXy = aayl_; =0y (abQ + KbQ) ) (4.40)

and we conclude that
D, xp = G 3. (4.41)

Let us now calculate D,xp. It should be a form in H?1(X) @& H?(X), so let us write
Daxy = Ay Xe + BapXe- (4.42)

To make notations lighter, let us introduce the inner product of forms

(o, B) = —i/ aAp. (4.43)
X
In this notation, the equality (4.23) can be written as
(Xa» X5) = Gape™ ™. (4.44)
Let us now take the inner product of equation (4.42) with Xz
<DaXb)YJ> = AabC<Xchd_> = Aab(_ze_K- (445)

On the other hand, -
<DaXbaYJ> = Da(XbaYJ) - <Xb’ DaDJQ>‘ (4‘46)

The first term in the r.h.s. vanishes. Indeed, we have
DX, Xg) = (Da + Ka) (e 5Gy3) = e 5Dy (Gyz) = 0, (4.47)
since a Riemannian metric is covariantly constant. The second term also vanishes, since

- <Xba DaDaTﬁ> = _<Xba [Dm DJ]Q> = _<Xb7 GaJ§> =0, (4‘48)
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since it is the product of a (2, 1) form with a (0, 3) form. We conclude that A ,° = 0. Let us now
calculate the remaining coefficient. We have, after taking the inner product with yg,

— ¢ % Bapa = (Daxp, Xa) = (DaXp> Das?) = Da{Daxv, Q) — (DaDaxp, ) (4.49)
Let us evaluate these terms. We have
(Daxp, ) = (DaDp2, Q) = Do (Dp2, Q) — (Dp2, DoY) = Da{xp,2) — (X6, Xa) =0,  (4.50)
where all pairings vanish due to degree considerations. We conclude that
e K Bupa = (DgDo Dy, Q) = (82,0, Q) = —(Q,92,,Q) = iCupe. (4.51)

Here, we have taken into account that the only term in DyD,DpS) which has a non-zero pairing
with 2 is the triple derivative.
Let us now summarize the properties of the (2,1) forms in the following list:

Do) = Xa,

Daxp = ie"CyX,, (4.52)
Daxy = G,

D, =0.

By using these relations, we can derive an important identity for the Riemann tensor of the
moduli space of complex structures. The commutator of covariant derivatives gives property

[Da, DE]XC = —GgXe + aBFchd- (4.53)

The first term in the r.h.s. is the curvature of the U(1) bundle, as we saw in (4.35), while the
second term is the curvature of T M. Let us calculate the commutator:

D,Dyxc = DoG 3 = GgXa, (4.54)
where we used that G j is covariantly constant. On the other hand,
DyDaxe = Dy (ieKCaCJYJ> = ie/C, D5y = € C, "o xm. (4.55)
Here, we have used (4.52) and the fact that
Dy’ = DyCpyr = 0. (4.56)

Putting everything together, we obtain

it = Cupbl + Gl = Coen Ty, (457)
where we have defined - o
C} =K O GG, (4.58)

In terms of the Riemann curvature tensor we can write
—-—m
Ral;cJ = GaI;GcJ + GaJGcB - CaCmCI;J' (459)

The above conditions mean that M, together with the bundle L, is a special Kdhler manifold
[19].
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4.2 Coordinates and prepotential

So far we have considered a generic parametrization of the moduli space of complex coordinates.
In order to make further progress we need an explicit parametrization of the moduli space. This
is done by introducing the periods of . We choose a symplectic basis for H?(X, C)

(abﬁl)? I:O717 7h271(X)7 (460)
satisfying
/ ar A B =67, / BI Aoy =—67. (4.61)
X X

Similarly, we define Poincaré duals A!, By satisfying
/ ay =0, By = —d7, (4.62)
Al By

and zero otherwise. We then define the periods of the 3-form 2 as

sz/ Q, }'I:/ Q. (4.63)
AT Br

Notice that, if we decompose {2 in terms of the basis (4.60), we find
Q= XIOé[ - .F]BI. (4.64)

In the next Chapter we will introduce explicit expressions for X!, F; in terms of Frobenius
solutions of a differential equation, called the Picard—Fuchs equation. With our choice of nor-
malization, these periods are not integral. Therefore, they correspond to a basis of three-cycles
over C rather than Z. However, they can be easily modified to obtain integral periods.

It follows from the theory of deformation of complex structures that the X! are (locally)
complex projective coordinates for M. They are called special projective coordinates. Since
the X! parametrize M we deduce that the other set of periods must depend on them, i.e.
Fr = F1(X). We now define the projective prepotential F(X') as

1
F(xh = §XI Fi. (4.65)
One has the following equality
oF

It follows that the projective prepotential is homogeneous of degree 2. To see this, notice that
(4.16) implies

oY)
ON 28 I=0,---,h>(X). 4.
/){ A 3XI 07 07 ’ ( ) ( 67)
By plugging the expansion (4.64) here we find
OFy 0
—x/ - — _(x'F,;) - 4.
1 axl — axI KX Fa) =T (4.68)

and (4.66) follows. We can use again the expansion (4.64) to obtain an expression for the Kéhler
potential in terms of projective coordinates,

K(X,X) = —log |[i(X"F; - XI?I)} = —log (2Im (X' 7). (4.69)
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Let us collect some useful results. The second derivative

1y =F1; (4.70)
is homogeneous of degree zero, therefore
XMCyry=0. (4.71)
Equivalently, one has
O*F 0? Iy 1y
_ — _xXMr = — X" Cuyrg. 4.72
= s = g (g5 ) =k X O )

We can now relate the Yukawa coupling to the prepotential. First, we notice that

20 O Fu
/X 2N oxTaxToxkE ~ X axToxIoxE" (4.73)

On the other hand, the triple derivative

PF
C =" 4.74
TR = axTaxToxK (4.74)
is homogeneous of degree —1, therefore
XMFryem = —Cryk. (4.75)
Equivalently, we have the identity
PXMF, PF OBF
(X Far) g +xM M (4.76)
OX10X7oXK OXT0X7 XK OX19X7 XK
and we conclude that
/ an_ o9 C (4.77)
“viaviavi — CIIK, .
X 0X10X79XK

which is the Yukawa coupling in the projective coordinates. We can relate it to the conventional
Yukawa coupling (4.19) as follows. By using the decomposition (4.64) in (4.19), we find

Cope = F10me X' — X105 F. (4.78)

Let us calculate Og.Fr. The triple derivative Og.Fr will lead to second, third, and fourth
derivatives of F:

OubeF1 = Frixm0a X XX 0. XM + F1,02,.X7

+ Frix03, X7 0.X5 + Fr02. X7 0, X5 + Fryx02 X7 0, XK. (*4.19)
After contraction with X!, all terms in the last line vanish due to (4.71), and we find
Cave = X Frixm0a X 0 X 5 0. XM — XTFp,83,. X7 + Fr03, X" (4.80)
By using (4.75) and (4.68), we conclude that
Cape = 0. X10,X70. X5 C1 k. (4.81)
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This formula is valid in arbitrary complex coordinates z for the moduli space.

The X! are projective coordinates for the moduli space, and we have h%!(X) + 1 of them.
We can obtain h?!(X) coordinates for X by introducing the affine coordinates corresponding
to the projective coordinates X?. This is done by choosing a nonzero coordinate, say X°, and
considering the quotients

Xi

= <o
Since the projective prepotential is homogeneous, we can define a quantity Fy(t*) called simply
the prepotential which only depends on the coordinates ¢*

t i=1,---,h*(X). (4.82)

F(Xr) = (X°)2Fy(t"). (4.83)

The prepotential in affine coordinates can be obtained by normalizing 2 in such a way that the
0-th period X© is set to 1, i.e. we have to set Q — Q/Xj.

It will be convenient to divide the periods in four different sets, leading to a period vector 11
in projective coordinates:

1= (X% X' F, Fo), i=1,---, k5 (X). (4.84)
We have the following equalities

Fo =X (2F, — t'0; Fp),

(4.85)
Fi =X°0;Fy, i=1,--- B> (X),
We also have the useful equations:
To0 = 2Fp(t") — 2t'0;Fy + t't7 05 Fy,
T0oi = 81;F0 - tjango, (486)
7ij = 03 Fo,
as well as 1
Cooo = —fotitjtkagijo,
1 .
Cooi = fot]tka%kFo,
1 (4.87)
Coij = —fot’“afjkpo,
L 3
The equation for the Kéhler potential can be written now as
e K =iV, (4.88)
where V' is the matrix
0 001
0 010
0 -100 (4.89)
-1 000
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In terms of the homogeneous coordinates t*, we have
v = — x°x° ((ti — Y (F + Fy) + 2Fo — 2F0>, (4.90)
where we have used (4.85).

Example 4.2. The simplest example of special geometry is probably the one coming from the
prepotential

1
Fy(t, ) = Wt°S,  a,b=1,--- n, (4.91)

with n + 1 moduli. Here, Cg is an invertible, symmetric matrix. For n = 10 this is the
prepotential of the Enriques Calabi—Yau manifold. The only nonzero Yukawa coupling is

Caps = Cap. (4.92)
The Kahler potential is
_ 1 _
e K=(5+9)Y, Y= 3 (1 + t“)(tb + F’) (4.93)
The Kahler metric has components
1 Cap  0YOY
Geg=—=-, G;=——24 2 5" 4.94
SS (S + S)Q’ ab Y + Y2 ( )
The inverse metric is easy to compute,
G55 = (5+ 85?2, GP=YXC NG C )P (4.95)

We will denote by G the matrix G in the fiber directions. We have the useful equality

_ _ 1
clGeG = % (4.96)

The Christoffel symbols can be also evaluated. We have,

2
T5s=~57%
_ (4.97)
C (td + td) C (& C
ab — T(édcab - (5bcad - 5ade).
We can check that D;Cj, = 0. For example, for i =¢, j = a, k =b, c= 9, this is
—T9.Cqp — T4 Coq + 20.K Cyp, (4.98)
but since
d d oY
IeCap + T'gyCaa = 2Cab77 (4.99)

the above vanishes.
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4.3 The big moduli space

We can use the projective coordinates X' to define a “big” moduli space, //\/7, of dimension
h*(X) + 1. This space is also Kihler. Its Kihler potential is

K= %(XKTEK ~ X FR), (4.100)
which leads to the Kéahler metric
— i
QU:818JIC:75(77?)1J:ImTU. (4.101)

We will need some properties of the metric of the big moduli space, and in particular its
relation to the metric of the “small” moduli space. We first note that, from (4.68) and (4.69),
we have

e_K = i(YIXKTK] — XIYK?K[) = iXI(T — 7)[JYJ, (4102)
which we will write as

ek X (r —7) X = 1. (4.103)

At this point we introduce an important set of quantities. We first introduce a Greek index
a = (0,a), where a are indices for the usual complex coordinates of the “small” moduli space.
Then, following [14, 20] we define

L = D X1, a,I=0,1,---  h*(X), (4.104)
with the proviso that

Dox! = X1, (4.105)

and we recall that
Do X' = (0, + Ko) X' (4.106)

We also note that
X = / Xa» (4.107)

ar

where x, are the forms introduced in (4.12). The matrix x/, is invertible, and its inverse will be
denoted by x¢, satisfying

Xex§ =04, xhxi =4 (4.108)

Let us now take an anti-holomorphic derivative w.r.t. z* in (4.103). We find,
Dy (eKXI(T — ?)]JYJ> = —GK@E?]JXIYJ—i—eKXI(T—?)[JDEYJ = eKXI(T—?)[JYB‘], (4.109)
where we used that O JKYK = 0. We conclude that
X' (r=7)xl = 0. (4.110)
Let us now apply the holomorphic derivative D, to this equation. We find,

_ _ _ _ _ _ _ _ ——J
OaTrs X X+ (=) XX+ X (=) s DX = (1—7) XX + X (7—7) 1yGp X~ =0, (4.111)
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where we used (4.71) and the third equation in (4.52) (we note that 777 has charges (0,0), and
it is a scalar from the point of view of the moduli space M, so that D775 = 0,777). If we use
now (4.103) in the last term, we conclude that

G = —ieK(T — 7)[])(5??)]. (4.112)
This will be very useful in the following. It also gives the equation,
(1 —7)1g =ie KGx5%7 (4.113)

Remark 4.3. The signs here are different to the ones in [14, 20], which can be traced back to
the fact that our prepotential has the opposite sign to the one used in [14].

The above results suggest to define a (h*!(X)+1) x (h*!(X)+1) matrix giving an “extended”
metric:
G@B = —ieK(T — 7)[{])(&?%. (4'114)

In matrix form, the above results lead to

-1 0
Go3= ( 0 Gab>' (4.115)

4.4 Symplectic transformations

An important aspect of the formulation in the big moduli space is that there is an action of the
symplectic group Sp(2n), where n = h%(X)+1. An element I € Sp(2n) is an invertible 2n x 2n
matrix that satisfies

rror=0, Q= <_(i 10”> . (4.116)

= <é g) (4.117)

then the condition (4.116) implies that the n x n matrices A, B, C, D satisfy

If we write it as

A'D-c"B=1,, ATCc=c'A, B'D=D"B. (4.118)
We deduce that the matrix
1 DT —BT
satisfies
I = 1,,, (4.120)

therefore it must be the inverse of I, since I is invertible. By calculating now

ADT — BCT BAT — ABT
-1
= (C’DT — DCT DAT — CBT> (4.121)
we deduce additional conditions satisfies by a symplectic matrix,
ADT — BCT =1, ABT = BAT, cD” = DCT. (4.122)
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A symplectic transformation I' acts on the periods as
Xi =’ Fr+ DX,
- s ; (4.123)
FJ :AJf]+BJ[X .

It follows that 777 transforms as
' = (At + B)(Cr + D). (4.124)
It will be important later to note that (7 — 7)~! transforms with a shift:
(- =70 = (Cr+ D) e (Cr+ D) [(r—7) T K (Cr+ D) . (4.125)
We also note that the y; transform as
xab = (0% 7k + D7) XL, (4.126)

and the inverse as
X3 = (Cm+ D) Xk (4.127)

4.5 The holomorphic limit of special geometry

In order to make contact with the A-model, we have to consider in detail the holomorphic limit
of special geometry, as explained in [15]. We will assume that we are in the large radius frame,
and ¢’ are flat coordinates (4.82) appropriate for this frame. The holomorphic limit is defined as
the limit in which #® — oo while keeping ¢ fixed. Formally we can take

¢ —st, 55— o0 (4.128)

In order to work out this, we have to be more explicit about the structure of the prepotential in
the coordinates appropriate for the large radius frame and limit. It has the form

. 1 . . .
Fo(tz) = —Edi]‘ktzt]tk + bitl + g + F(l)nSt(ti). (4129)
Here, d;ji, b; and c are real coefficients with a topological meaning:
dijr, = / Ji NJj N g, b = —(271')2/ co(X) N Ji, c=—((3)x. (4.130)
X X

In the holomorphic limit, the instanton part of the conjugate prepotential is exponentially sup-
pressed, and the conjugate period vector is given by

. . <2 e 1 L .
mt ~ X" (1,551, —%dijkt]t’“ + b, 6§3dijktzt]tk L EhE + c> . (4.131)

In this and the following equations the approximate symbol &~ means that the r.h.s. agrees with
the 1.h.s. up to exponentially small corrections O(e™%). Therefore, we can write

3
N X2y 5, (4.132)
r=0
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where 1 1
Cs = —cdipd PE,  Co = Sdipt FT", (4.133)

It is easy to see that the terms Cp 1 will give contributions which vanish in the holomorphic limit.
We can then write
K~ —log X —log X — log (5°M) (4.134)

where B )
M = gdzjﬁﬁk - idijkti?%’“ +03EY. (4.135)
We note that! )
B M = _idijkaatifjfk +O3EY,
M =i O PT — et P+ O ), (4.130)
04 M = —dij 0, 05T T + O(57Y).
A first consequence of these results is that

1
K, ~ —0,log X° — 770aM = —0alog X%+ 0oGEh. (4.137)

Therefore, in the holomorphic limit we set

1
K, — —ﬁaaxo. (4.138)

Let us now work out the Kéahler metric. We have

1 1
92 ~ 2
An explicit evaluation produces the expression
Ll =2
Gy = gJaLUJb +0(57°) (4.140)
where 4 )
.ot 0
Jé = ), Lij = —— logm, (4141)
924 ot'or
and 1
= gdijkﬁzﬂik (4.142)

The most important point here is that the matrix L;; is purely antiholomorphic. It follows in
particular that '
log det G ; ~ log det(0,t") + antiholomorphic + O(5 7). (4.143)

We also note that the inverse metric is given by

_ b .
_ (-1 _ _
G (7)) (L)Y () + 0G0, (4.144)
7
!To make things clearer, we have used Latin indices at the beginning of the alphabet a,b, - -- to label arbitrary
complex coordinates z%, while Latin indices from the middle of the alphabet 4, j, - - - refer to flat coordinates ¢*.
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Let us now determine the holomorphic limit of the Christoffel symbols:

__\d

¢ = G9,Gy, ~ (J ) (LD (TS 0a TP Ly T+ O ). (4.145)

i
Therefore, in the holomorphic limit we have

¢ 0z¢ 0*tP
ab " Pp 920920

It also follows from this formula that, in the holomorphic limit, the Christoffel symbol vanishes in
flat coordinates. Indeed, we can use the standard formula for the transformation of the Christoffel
symbols under a change of coordinates,

. ay.b [ oy 24i
ri 02" 0z <8t re 0%t >’ (4.147)

(4.146)

R0t otk \ 9z P 92002

which vanishes after plugging in the expression (4.146).

One can consider the holomorphic limit of the various quantities appearing in special geom-
etry. Of special relevance is the matrix x/ defined in (4.104), and its inverse. In the holomorphic
limit, by using (4.138), we find

I of1l t¢
X=X (0 EM“) : (4.148)
i.e. oo
X=X =X x=0 G =X'5 (4149)
Then, the inverse matrix is given by
1 —hoz
X = X" (0 a;?t”) (4.150)
otb
i.e. its entries are given by
l l
XO(,)h = %a XOl,h = —;Otbg;a Xa(,)h =0, Xal,h = ;Og; (4.151)

4.6 Propagators

As we will see, the genus g free energies of BCOV are written as polynomials in a set of generators
called propagators. We give here a thorough description of the propagators, building on [14, 15,
20, 21].

We define S% through the equation

0.8 =T, (4.152)

where the object in the r.h.s. was defined in (4.58). In addition to S, defined in (4.152), we
introduce as well

0:5° = GueSP, 028 = GueSe. (4.153)
We will gather the propagators in a matrix of the form
G00 G0a 28 -8
(Sa(] Sab) - (_Sa Sab) . (4154)
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Due to the importance of propagators, it is crucial to have explicit expressions for them. We
note that (4.152) and (4.153) define them only up to the addition of a holomorphic function.
In the case of S%, an explicit expression can be obtained by using (4.57). Indeed, by using the
holomorphy of Cgp. and the definition of the propagator, we can write (4.57) as

L ae = 00 0pKa + 6,05 Kc — Oy (CacpS™) , (4.155)
which can be integrated immediately to

Fgc = 5£Ka + 62Kc - CacpSTp + s, (4.156)

ac’

where s}, are holomorphic. One can proceed in this way and obtain explicit results for the
propagators, up to holomorphic ambiguities. However, it turns out to be more useful to find
explicit expressions for them by working in the big moduli space, as first pointed out in [20] and
further developed in [14].

Let us then define the non-holomorphic propagators as

S8 = X (r — 7) M\, (4.157)
which we can write as o
5P = G GPPS g, (4.158)
where
S&B = e2K(T — f)[]f(é)?é. (4.159)

We will now show that the non-holomorphic propagators introduced above satisfy the defining
properties (4.152) and (4.153). We first calculate

1 —I— 1 —I— —
0:S = =Dg (eQK(T — ’7_')]JXIXJ) = —EQQKDa’Z_']JXIXJ +62K(T — f)]JXI)_(g

2 (4.160)
= Sta
since
Dary X X' =Crx X' X755 =0 (4.161)
due to (4.71). We also note that
Sia = GogGarS” = GapS?, (4.162)
which is the second equation in (4.153). We now calculate
DaSg; = Da (ezK(r - ﬂ[J)Z%YJ) = (1 —7)1y (Dangj + ;zgxg) , (4.163)
We note that, by using the conjugate of the third equation in (4.52), we find
(1 =P 1sDad X x Oy xl(r — 7)1 X" =0 (4.164)
due to the complex conjugate of (4.110). Therefore,
DaSgp = Sap. (4.165)
We now evaluate
9,5t = 0, (Gbés%) — GYD,S5, = G¥Spe = GacS®, (4.166)
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which is the first equation in (4.153).
We can now verify (4.152). We start with

2K

DSy = Dz (25 (1 = F)yxind) = —e*X Crog xixIxt —2¢* (1 —7)yDexixd.  (4.167)

By using the conjugate of the third equation in (4.52), we find

—262K (’T — F)[JDEXé)ZE{ = —262K (’T — F)]JieKéaameleIXBJ = 2e2KGll_,€aijml (4 168)
« .
= 2¢? CE&E’
where we used (4.112). We now note that (4.81) can be written as
Cabe = CrirXaxi x5 - (4.169)

This is because the difference between (4.81) and (4.169) involves terms of the form Cyy X% = 0
due to (4.71). We conclude that
DeSg = K0 ;.. (4.170)
From this it follows that )
0:5% = 2K QUG Cy . (4.171)

This is precisely the condition (4.152).
One of the most important properties of the propagators defined by (4.157) is that they form
a closed ring upon taking (covariant) derivatives, and we have the following formulae:

DS = 655 + 655" — CaaeS™S*,

DoS” = 20°S — C4.595,
1 (4.172)
D,S = ficabcsbsa

D;K; = —K;K; — Cij,S* + Ciju S K + g45,

where g;; is a holomorphic function.
Let us first establish the first three equations. To do this, we need some preliminary results.
From (4.114) we obtain

ief xf = —Goa(r — 7) 7 X% (4.173)
We can now combine this equation with the third one in (4.52) to obtain
DrXé = _Orsquim(T - 77')71[KX% = —Crom(T — 71)711KX7IY(L
(4.174)
= CrsmsmnX£-

We can now use this result to calculate D;x¢. By taking derivatives in X?Xé = 5IJ , we have
XaDixt = =x3Dixa = X7 Dixin = X{ X7 = =CirmS™™ X1 X7 — xi X7- (4.175)

We conclude that
DiX[[g = _CirmSmBX; - 5?)((} (4176)

Let us now write the propagator (4.157) as

S8 — i 61\, (4.177)

43 —



where

®KL

= —ie

_K(T

Srr :ieK(T—T')KL, —7_')_1KL, (4.178)

are, up to an overall factor, the Kahler metric (4.101) and its inverse. We easily calculate
D&, = ie" Dyt = 1" Oy’ = ie” Capexiexi- (4.179)
For the inverse one finds,
D&M = ie Ky (7 — 7) NG (7 — 7)Mo (4.180)
We now have all the ingredients to calculate the covariant derivative of the propagator. We find,
DS = —ieKDCGI‘Ix%Xg — ieKQSI‘]Dcx?Xg — ieKﬁijcxﬁXC}, (4.181)

i.e. the last term is obtained from the second one by exchanging o and 8. By using the results
above, we obtain

DS = Cpg S +1eX 61 Copn S XX + 1K 81 58X + (0 5 ) (4.182)
: .
= —CepgS°PSP1 — 9807 — 5750,

This gives the first three equations of (4.172), as we consider the different possibilities for the
indices.
We want to show now that

Din = *KiKJ’ — kask + Ciijlel + gij- (4183)

We first need the result:
Orx7 =0, a#0, (4.184)

in other wordds, x¢ is holomorphic. In particular, it can be evaluated by (4.151). In addition,
we have

Opxt = =0 (KmXT") (4.185)

The holomorphic property (4.184) is easily proved by using (4.108):
8_&__ﬁaa_ J__ﬁaa_K J__ﬁaG_ J__ﬁG_(Sa 4.186
EXT = —X1XJ9%kXg = X1 XJO8 X0 = X1 XgbkgXo = —X1Yks% (4.186)

where we set Ky = 0. This vanishes if o = ¢, and for o = 0 it gives
Ox? = —X[Grs = —X[OpKp = —0; <—X?Kﬁ) = =0 (=X7"Km) - (4.187)

From the second equality in (4.184) we deduce that

Xt = —XF K + hi, (4.188)

where h; is a holomorphic function.
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Example 4.4. One can use the results (4.151) to write an explicit formula for h;, in terms of
periods and their derivatives. Since hy is holomorphic, in the definition (4.188) we can evaluate
X¢ in the holomorphic limit, and we find

1 b 9Xx0 9m
hO = =5+ b’
X0 (X0)29zm ot
(4.189)
L 1 9X99zm

(X9)2 9zm gta”’

where summation over repeated indices is understood. An alternative expression can be found
in the one modulus case. We have

X0 X! 1 (D, X' —Xx!
I _ a z
Xa = <D2X0 DZX1> ) X1 = W <DzX0 XO ) ) (4'190)
where

W= XX — (XX, (4.191)

and the ' denotes derivative w.r.t. 2. We deduce that

X! X0

z_ 2 z _ 4.192
Xo W X = ( )

which are holomorphic as required by (4.184). Let us also note that, in terms of t = X/ XY we
have

t Oz 1 0z
z_ _ "~ Y~ 2 ___ = 4.1
XO XO 8ta X1 XO atv ( 93)
in agreement with the result in (4.151). We also find that
1 (Xl)/
h= 1 (—(XO)’> , (4.194)
which can be seen to agree with the general expression (4.189). O

Let us now prove (4.183). The starting point is (4.103). By taking a derivative we obtain
— e KK =X, X5 (7 — 7)1k, (4.195)
where we used (4.71). Taking a second derivative gives
KoK + KiKj) = 103X (r — 7)1 X +10,X 50, X Crier X (4.196)

On the other hand, by definition of S, we have

CijmS™ = CijmX7 (1 — 7)"IXG = 1e" CijmxT'x8
o (4.197)
=ie ngmXI
where we used the definition of S™ and (4.173). By using now (4.169), we get
. ~J
CijmS™ = ie" Crorx XP XXX = ie® Cponxx§ (0F — xtx5) X
’ ’ (4.198)

= ieK CPQJXi Xj Y = ieK CPQJ&XP@XQY

45 —



where we use (4.71) repeteadly. This is essentially the last term in (4.196). To reconstruct the
first term, we use (4.113) to write

. N I _ ~J _B _ _J-B
18%XI(T—T)UX = —e K@%XIX Ga/;x‘}‘xg:—e K@%XIGagxgxgx?

—Kq2 yI a_ ~Ka2 yI.0 (4.199)
=—e "0 X Goox7 =e " 05X X7
We now go back to (4.196) with all these results. We find
e M (0K + K;Kj) = e K CijmS™ + e 705 XY, (4.200)
If we use (4.188) we can write
O;K; — KiKj = —CyjpnS™ — 05X  (—X7"Km + hr)
= —CijmS™ + 05X X[ K — 05X g (4.201)
= —CijmS™ + [} Km + 9ij
where
fr=05X\T, gij=—05X"hr (4.202)

are holomorphic. We note that these quantities enter into the holomorphic derivatives of x7*, hy,
and one finds after some work,

Ot = =0ihr = finXi's  Oihr = gimX7- (4.203)
We now can rederive from this a more precise version of (4.156). To do this, we consider
0iKj — KiKj = —CijmS™ + fi7 Km + gij (4.204)
and take a derivative w.r.t. z™. By using the first equation in (4.152), we obtain
0;Gjm — GimK; — GimK; = —CijiGapS™" + G- (4.205)
After multiplying it by G, we get
L) = 07K + 07 K; — CijS™ + £, (4.206)

This gives a concrete realization of (4.156) with an explicit expression for the propagators and
also for sf;. To derive now (4.183), we just have to recall that

DiKj = 9;K; — T} Ky (4.207)

and use (4.204) and (4.206).

The non-holomorphic propagators we have introduced in (4.157) are not invariant under sym-
plectic transformations. Their transformation rule can be deduced from the definition, together
with (4.125) and (4.127). One easily finds,

ST — 528 & [(Cr + D))" 4. (4.208)
We note that the matrix (C7 + D)~!C is symmetric. Indeed, this is equivalent to

c(Cr+ D) = (Cr+D)CT, (4.209)
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which follows from the symmetry of 7 and the last condition in (4.122).
We now want to construct invariant propagators by adding an additional piece to the non-
holomorphic propagators. More precisely, we define the full propagators

5oP = 5B L A§P (4.210)

in such a way that
Pt — gab, (4.211)

Let us now implement these conditions to obtain additional information on AS*?. We will
start with S7%. In this case, the additional piece AS7* is purely holomorphic, and we write

ASIk = Sik (4.212)

which gives the holomorphic limit of the propagator S7%. We want to preserve the condition
(4.156). By taking into account (4.206), we find that

T = 67 K + 07 K — CiS™ — CiS™ + 555, (4.213)

where
s = fr+ CippS™, (4.214)

A typical choice is that sfj are rational functions of the moduli 2%, therefore invariant under

symplectic transformations by construction. By using the explicit expression for the fi’} in (4.202)
we deduce the following constraint on the holomorphic part of the propagators:

CinS™ = sf; — 05 X1 x}. (4.215)
Remark 4.5. By considering the holomorphic limit of (4.206), we find as well

Dfin = 00K + 07 Kip — CiS™ + s, (4.216)

where the holomorphic limits of the Christoffel symbol and the derivative of the Kéhler potential
are given by (4.146) and (4.138), respectively. For this equation to be compatible with (4.215),
we must have the following relation:

Lin = 00K — 0F Ko = 05X ] (4.217)
This is easily checked by taking into account (4.151).

Let us now consider the additional pieces that have to be added to the other propagators.
Their structure is determined by requiring that the relations (4.153) still hold. This leads to

Sk _ Sk +Slel +Sk,

1 (4.218)
S=S+ QS“K,CKZ + SFKL+ S,
where S*, S are holomorphic. Indeed, one has
025" = 0;5% + SMo, K = GySH + Gu St = Gy St (4.219)
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Similarly,
025 = 05 + SHG o Ky + CanS* = Gy (sl 8%+ Sl) = GuS'. (4.220)

We can now obtain a constraint for S¥ by requiring that (4.204) holds with invariant versions of
fii's gij:
ain — KlKj = — iijk + S?;Km + hU (4221)

By plugging the above equation for S¥ we obtain that indeed (4.221) holds with
hij =gij + CZ]kSk (4.222)
Equivalently, we have
CijuS"* — hij = hio5 X" (4.223)

The holomorphic propagators S®? play a crucial role, and in particular we will need their
transformations under the action of the symplectic group. These follow from their definition, the
transformation rule (4.208), and the invariance of the full propagator (4.211). One finds that the
holomorphic propagators transform as follows under a symplectic transformation:

SHE =8 —[(Cr + D) ' X,
S =Sk 4 [(Cr + D))k hy, (4.224)
1
Sh=5- SlCr+ D) *C)  hhy.

The first line follows simply from the fact that S7% = S7¥ 4+ S7* 5o the transformation rule of
S7% is just the opposite of S7%. To obtain the second line we note that

Sk = sk —[(C1 4+ D) LOTH N9k, (4.225)
and
SMEK; — SM K, — [(Cr + D)) xS Kok, (4.226)

therefore invariance of S* requires
SF =SP4+ [(Cr+ D) OIS + XS Ky = SF+ [(Cr + D)LY Xy, (4.227)

where we used the definition of h; in (4.188). Similarly, for S we find that the total shift of the
first three terms in the definition of S, in the second line of (4.218), involve the combination

1
XX -

1 1
5 SXIXGKEK+ X[ Kihy = Shihy (4.228)

2

where the first term appears in the shift of S, the second one in the shift of S¥ K} K;/2, and the
third one in the shift of S¥Kj,.

As a consistency check, let us note that the transformation rules for S7¥, S* are compatible
with the expressions (4.215), (4.223). Under a symplectic transformation, Z-’;- transforms as

_ PJ
KD — rk 1 [(Cr + D)o Cniod X (4.229)
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One the other hand, from (4.224) we find

CijiS™ — CijS™ — Ciynds [(Cr + D) '] ¥ o)
Ik P.Q._k —1,1J '
= CiiS" — Cpoix! Xy X5 [(CT+ D)~'C]™,

where we used (4.169). The second term in the second line is minus the shift due to Z’; A similar

argument can be applied to S*.
At this point it is useful to introduce the shifted propagators [21]:

5 — s,
§' =5 - SVEK;, (4.231)
S=8-SK;+ %Sinin.
In terms of the non-holomorphic propagators S® and the holomorphic functions S, we find
St=S" - SUK; + S,

. 1 (4.232)
§=5-SKi+ ;STKK; +85.

From their expression it is easy to see that the non-holomorphic propagators S** vanish in the
holomorphic limit 7 — co. Therefore,

S = §o8 (4.233)
give the holomorphic limit of the tilded propagators. We can then write,
§eb = B 1 §oF, (4.234)
where . g
Sid = S
S'=S'-SVK;, (4.235)

- A 1 ..
S=5-S'K; + ;SUKK;.

We can now use (4.172) to obtain formulae for the covariant derivatives of the invariant
propagators. One obtains,

D;S* = §15% 4 55T — Cyppn ST STE 4 BIF
D;S7 = 2618 — CinnS™S™ + " Ky, + I, (4.236)
D;S = —%Cimnsmsn + %hT”KmKn + R K+ hy,
where h? k, hg , h; are holomorphic functions. They are explicitly given as follows:
hft = DI S — §FS! — §LSF + Cin S™HS™,
hE = DIk — 26FS + hipS™, (4.237)
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In these equations, we have denoted
D] =0+ [}, (4.238)

k

i.e. a (covariant) derivative where ;; 1s treated as a connection?. In addition, one has

DiK; = —K;K; — CijxS" + CijuS™ Ky + hyj. (4.239)

From these equations one obtains the following ones, involving the conventional derivatives of
the tilded propagators:

0y 5% = CinnS™ 5™ 4 §15% 4 o8 ST — ] gk _ gk Ggmi 4 piF,
8;57 = CimnS™ S™ + 2678 — s 8™ — hi1, S 4 b,
~ 1 L o (4.240)
0;S = §CimnSmSn — hijSJ + h;,
8Z‘KJ’ = K,LK] — CijnSm”Km + SZLKm — Cijkgk + hzg

The first three equations in (4.240) can be used to check (4.237). Indeed, remember that S
are the holomorphic limits of the tilded propagators. Therefore, the holomorphic limit of the
first three equations in (4.240) must reproduce the equations in (4.237). For S the agreement is
immediate. For the other two propagators, we have to use (4.214).

As a final check of the formalism, we can show that the second equation in (4.237), when
combined with the first two equations of (4.224), leads to the transformation rule for S. Let us
abbreviate M = (C1 + D)~'C. Then,

M = —MPCporM©@IE. (4.241)
It follows that
S = ;8% — M'PCporMQ xBxkhy + My, (h 200% + \boh J) . (4.242)
The other ingredients we need are
FEESIT = fESIT + MY ChppxExENEST + fEMY X hy + MIPCporM @ xExbh,y,  (4.243)
where we simplified the last term by using (4.71), and
RimS™ = Ry 8™ — M By xXT. (4.244)
By using (4.81), we write (4.223) as
CrrrXi Xj'S" = X7 (him — Gim)- (4.245)

Therefore, the second term in the r.h.s. of (4.243) combines with the second term in the r.h.s.
of (4.244) and we get at the end

268(S" = 8) = M (hs0ds + x50uhs + Fixhs = xFXgim) = =M hihydf,  (4.246)

after using (4.203).

2The second and third equations in (4.237), as well as (4.239), are stated erroneously in [14].
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We note that the equations (4.224) follow then from (4.215), (4.223) and the structural
equations (4.240), once we assume a transformation of the form

XM =cF;+ D)X’ (4.247)

where C, D satisfy CDT = DCT. We don’t need to assume that we have a fully-fledged sym-
plectic transformation to use these equations, and there are cases in the literature where the
transformation that we need in order to go from one frame to the other is slightly more general
than symplectic®. The only subtlety in this derivation is that, from (4.215) and (4.223), one finds
the first two equations of (4.224), but multiplied by matrix of Yukawa couplings, i.e. we find

Cije(S™ = 8*) = —[(CT + D)~'CT" Cijrxix, (4.248)

and similarly for S* (multiplied by Cyj). Therefore, in order to deduce (4.224), one has to
“invert” the Yukawa coupling matrix. A similar issue is discussed in [15], section 6.3, where it is
argued that this can be done.

5 Mirror symmetry

5.1 Statement and examples

Mirror symmetry is a surprising statement. It says that, given a CY manifold X, there is
another C'Y manifold X such that the A model on X is equivalent to the B model on X, and
viceversa. The underlying reason for this equivalence is the fact that both models are obtained
from the same supersymmetric sigma model by a “twisting” procedure. One consequence of this
equivalence is that the prepotentials of both theories are the same,

F(ta; X) = Fy (tp; X), (5.1)

In order for this statement to be meaningful, we need an appropriate identification between the
Kéhler parameters t% appearing in the A-model prepotential (see (3.49) and the moduli that
parametrize the complex structures. This identification is called the mirror map. It turns out
that the Kéhler parameters t§ have to be identified with the quotient of periods in (4.82), which
we will denote t%

ts = t%. (5.2)

Notice that for mirror symmetry to make sense, one needs
RYH(X) = hM2(X). (5.3)

Mirror symmetry makes possible to compute the complicated instanton expansion of the A model
prepotential (3.49) in terms of period integrals in the B model, and it has been extensively studied
in the last fifteen years, see [8] for a detailed exposition. We will now explain this computation
and check some examples of mirror symmetry.

There are mirror symmetry constructions for many different Calabi—Yau manifolds. A good
survey can be found in [8, 23, 24]. A nice example is the quintic CY. Its mirror must have one

3For example, in the case of one-parameter C'Y manifolds with three singular points, a natural basis of periods
at the conifold is introduced in [22], and it is shown that the transformation going from the standard large radius
periods to that basis is not symplectic, but a generalization thereof.
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single complex structure and 101 two-classes. This uniparametric mirror family can be regarded
as a subfamily of the quintic hypersufaces in P*

4 4
S oa =y ] =0, (5.4)
=0 =0

modded out by a symmetry group Z2 (which has fixed points) and resolving the orbifold singu-
larities (see the seminal paper [25] for details). This family has a single complex deformation
parameter, namely 1. In the next section we will see how to compute the periods for this mirror
quintic.

The Enriques CY is an interesting example since it is self-mirror. Of course, this is consistent
with its Hodge numbers (2.40). In this way, the prepotential (4.91) can be identified with the
prepotential of the A model after identifying

ne ns

where n%, a =1,---,10, ng is a basis of two cycles corresponding respectively to the two-cycles
of the Enriques surface and the torus. Notice that there are no instanton corrections to the
prepotential in this case [26].

5.2 Computing the periods

We have now a very powerful framework to reformulate the computation of the correlation
functions in the type B model. We have reduced the problem to the problem of computing the
periods of the CY manifold. We now address how to obtain these.

The most powerful method is the use of Picard—Fuchs equations. It turns out that the periods
of the CY manifold satisfy a certain set of differential equations that can be solved in closed form.
The basis of solutions of these differential equations provide a linear basis for the periods.

Let us consider the quintic mirror (5.4). The PF equations will depend on

z =70, (5.6)
If we introduce the operator
0 =20, (5.7)
the PF equation reads
[94 — 52(50 + 1)(50 + 2)(50 + 3)(50 + 4)| T = 0 (5.8)

where II denotes a generic period. The solutions to this differential equation can be generated
by Frobenius method, which applies to systems of differential equations of the above type with
various variables z;. One first introduces

Do(2,0) = 3 an(p)"H, (5.9)

n>0

where we denoted
2P = Hz?ﬁpi (5.10)
i
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as well as the derivative operators

1 a"
Diyoiyy = ———— . 5.11
Y b Opiy - 0pi, | g (511
Then, we define
w)(2) = Diwo(2), (5.12)
which has the structure
oM (2) = & (2) + wo(2) log 2, (5.13)
where dan(p)
~(1) n Qn, p
@ (2) =) dn",  dp = : (5.14)
= dpi 1p=0
The Kahler parameters of the mirror manifold are identified with the above solution,
(1) ~ (1)
A w; ' (z) w, ' (2)
_ — =1 i+ ? . 5.15
(0)= D = tog o+ (515)

This is often called the mirror map, since it relates the Kahler parameters of the mirror manifold
to the complex coordinate which appears in the algebraic equations describing the family of CY
manifolds. By comparing to the definition of the flat coordinates, we have

X0%2) = wo(2),  X'(2) = —wV(2). (5.16)

Let us now define

o) = kigDpwo(z), @ = ki Dyjrao(2) (5.17)

where r;;1, is the classical intersection number. The functions
wo(z), @), @), @), (5.18)

with i = 1,---  h?1(X), provide a basis for the periods (over C). We will sometimes call this the
Frobenius basis. We can also obtain the prepotential Fy of the CY manifold from the equation

Fi=-w(z) - (22722 (/X c2 A Ji) : (5.20)

The third period calculates Fy, up to a global factor, and we have

=0 {‘w§3)(z> +Gr ( Joeen Ji> = (2) - <<3>x} SENCED)

where x is the Euler characteristic of the CY manifold. Equivalently, we have

or equivalently

2Fy — 2t'0,Fy =

T 2
Fo= o)+ GE ([ ana) =) - con (5.22)
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It is useful to write this in matrix form,

b ~C@)x @5 0 1) (=
. Cj
n=| 2| =|-eg o —1to | [ (5.23)
_ 1 0 0 O wy,
X7 0 -1 0 0/ \@®
where we have denoted
c’gz/ co A J. (5.24)
X

These results were first obtained for the quintic CY in [25], and they were generalized to more
general CY manifolds in e.g. [27]. The resulting structure for the prepotential is

. ARtttk (2m)2 , L
Fo(t) = — Bkttt (27) / eo(X) A J; ) £ — X¢(3) + Finst (g, (5.25)
6 24 \Jx 2
where . '
F™i(th) =) NosQ’ (5.26)
B

is due to worldsheet instantons?. Note that, as compared to (3.49), the expression above contains
additional constant and linear terms in #'. These are allowed since the prepotential is defined
by its third derivative, as in (3.50). Sometimes one adds to the prepotential a further imaginary
term, quadratic in the flat coordinates !

F()(t) = —Wiaijtitj + - (5.27)
In the one-modulus case one has (see e.g. [22, 27])

o= g mod 1. (5.28)

Let us apply this general formalism to the quintic CY. The solution for wg(z, p) is obtained
immediately from the PF equation. By plugging the power series ansatz, we find the recursion

(n+plan, =50bp+5n—4)---(5p+5n —1)an_1. (5.29)
and setting the initial condition ag = 1 we find,

_ Hir?:l(m + 5p)

an(p) = I (m + )5’ (5.30)

therefore

wo(z) = Gr)t . (5.31)

e
n=0 (n)
To compute d,, we write
5
T'(5n+5p+1) <F(p + 1))

an(p) = (5.32)

L(5p+1)(T(n+p+ 1))5

tBKSZ

4In comparing this convention with the one in e.g. [22], we note that t = —27i and FPRS% = .
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therefore

day,
“d;p) = an(p) [59(5n +5p+ 1) + 5¢(p + 1) — 50(5p + 1) — 5ip(n + p + 1) (5.33)
and (50)!
n).
=5 [1/1(571 F1) —(n+ 1)]. (5.34)
Using the standard identity
n—1
1
bl +n) =) =) — e (5.35)
k=0
we can write the mirror map in the form
[e’s) 5n
_ 5 (5n)! 1
t n
— et = = . 5.36
Q=e ZeXp[wo@)Zl(n!ﬁ(,Z j)Z] (539
n= j=n+1
The first few terms are
Q = 2+ 770 2% 4+ 1014275 23 4+ 1703916750 2* + 3286569025625 2° + - - - | (5.37)
which can be inverted to give
z2=0Q —T70Q% + 171525 Q> — 81623000 Q* — 35423171250 Q° + - - - (5.38)

We can also compute

d?a,
ngp) ‘ = a(0) [25(w(1 £ 5n) — (1 +n))? + 250/ (1 + 5n) — 59/ (1 + n) — 201//(1)]
p:
5n 1\ 2 5n 1 n 1
- J — J — J
j=n+1 7j=1 j=1
(5.39)
where we used
V=TS w1 =" (5.40)
n) =G 2 2 ) =5 .
Using the value of the classical intersection number
k=05 (5.41)

we can also compute O0;Fy. Notice that this will be expressed in terms of z, but using the
inverse mirror map (5.38) we will be able to express it in terms of (). Finally, we obtain for the
prepotential

5 50
Fo(t) = 76t3 — (27r)2ﬂt +100¢(3)
(5.42)
4876875 Q% 8564575000 Q%  15517926796875 Q*
+2875Q + 2 @ 5 @, o AN

which is the famous prepotential of the quintic Calabi—Yau manifold as computed by Candelas,
Green, Parkes and de la Ossa [25]. The rational numbers appearing here are the genus zero
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Gromov—Witten invariants Ny g of the quintic. In particular, there are 2875 holomorphic spheres
of degree one in the quintic. To extract integer numbers from Ny g one has to take into account
some subtle topological effects. What happens is roughly that, given a “primitive” map of the
sphere into the quintic, in the homology class labelled by 3, one can consider multicoverings of
the same map of degree d. It turns out that each multicovering contributes

L
5@ A, (5.43)
Therefore, the sum over Gromov—Witten invariants becomes

D NopQ” =) nosLis(@Q). (5.44)
B B

The numbers ng g turn out to be integers. Formulae (5.43), (5.44) were first noted in [25], and
justified later in the context of Gromov—Witten theory by various mathematicians, see [28] for a
proof and references to previous work. The general picture of how to extract integer invariants
from Gromov—Witten invariants was put forward by Gopakumar and Vafa in [29], and for this
reason the invariants ng g are often called Gopakumar—Vafa invariants (in this case, of genus
zero). From (5.44) and (5.42) we find that

4876875 2875
8 8

gy = = 609250. (5.45)

Exercise 5.1. Local P? has one single Kahler parameter, associated to the complexified area of
P! ¢ P2. The PF equation describing the periods of the mirror of local P? is

03 + 32(360 + 2)(30 + 1)0|T1 = 0. (5.46)

Notice that in this example wg(z) = 1. Compute the prepotential by using the classical intersec-
tion number x = —1/3 (the fact that this number is fractional is related to the noncompactness
of this CY).

It is important sometimes to have an integral basis of periods, corresponding to integrals
over integral homology cycles. These can be obtained from the Frobenius basis as follows:

¢(3) cf -3
d (27;1)):(% A 0 (2ni) W((l))
. c) o 1
Iy = ?6 = 2 b ~@mz Y w’é) (5.47)
i 1 o 0 0 W;&)
0 (2mi)~'6] 0 0 w
Note that
1 1 Oij o : 1
D)= ——— O = —=F — —=X’ = X", 4
0 (2m)3f0’ ’ (2m)2fl w7 i (5:48)

In the literature on mirror symmetry, integral periods are often used to define the prepotential.
This convention introduces factors 27i and is not always convenient if one wants e.g. to extract
Gromov-Witten invariants, hence our simpler choice for X!, Fj.
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6 Topological strings

6.1 Coupling to gravity and holomorphic anomaly equations

What we have described so far are the topological field theories/CFTs that are behind topological
strings, but in order to obtain a string theory properly speaking we have to couple the models to
gravity. It turns out that topological strings behave in this respect like critical strings. Indeed,
what characterizes critical strings is that the 2d metric field essentially decouples, except for a
finite number of moduli. But in the topological sigma models the property (3.2) tells us that a
similar decoupling occurs. Indeed, in the BRST quantization of the critical bosonic string, one
finds a nilpotent BRST operator, Qprsr, and the energy-momentum tensor turns out to be a
OBRrsT-commutator

T(z) = {QsrsT, b(2) }- (6.1)

In addition, there is a ghost number with anomaly 3x(X,) = 6 — 6g, in such a way that Qprst
and b(z) have ghost number 1 and —1, respectively. This structure makes possible to define the
partition function of the bosonic string at genus g, as

6g—6
F;OS = /M < H (ba ,uk)> ) (62)

k=1

where

o) = [ @albusu)? + bas(i) 2), (63)
g
and puy are the Beltrami differentials, and can be regarded as deformations of the complex struc-
ture of the Riemann surface. The insertions of the b field are there to soak up the zero modes of
the ghost current.

The Q-exactness of (3.2) is analogue to (6.1), and the composite field G}, plays the role
of an anti-ghost. Furthermore, the anomaly in the ghost current for the twisted sigma model
is precisely 6g — 6 for a Calabi—Yau threefold, and therefore the ghost number symmetry in
these models plays exactly the same role as the ghost number symmetry in the bosonic string.
Therefore, we can define the higher genus amplitudes or free energies of the topological string as

6g—6
F, :/MQ<H(G7MI<:)>, 922 (6.4)

k=1

with G instead of b. In terms of the moduli space of complex structures, Fjs have to be thought
as sections of the line bundle £2729. In particular, their covariant derivative reads

D Fy = 0,Fy + (2 — 29) K, Fy. (6.5)
For g = 1 there is a slightly different expression [30]

1 [d37 A 7
Fi=g / T—2Tr[(—1)J0+J°J0JoqL°qL°}. (6.6)

Here, 7 is the modular parameter of the torus, ¢ = ™7, and Jy, Jg are the charges associated to

the J, J currents of the twisted superconformal theory. Of course, they can be written in terms
of F, r following (3.100).
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The F, defined here are computed in a topological theory which includes a general pertur-
bation like (3.112), i.e. we consider the action

V4 4
S(t,H) = S+ 31 / 2@ + 3 / 42232, (6.7)
a=1 a=1

where Sy is the action at a basepoint and ¢ = h1(X) (respectively, h12(X)) in the A (B) model.

We can now try to compute the above amplitudes by using the same kind of semiclassical
approximation that proved to be so useful in the topological sigma models. However, there is
an obstruction to do that. It turns out that the F, are much more subtle than the topological
sigma models we started with, since there are obstructions to use the kind of arguments based
on integration by parts in moduli space that we used in (3.6) and (3.8). These obstructions are
the content of the holomorphic anomaly equations (HAE) of Bershadsky, Cecotti, Ooguri and
Vafa (BCOV) [15].

One could think that the perturbation depending on * does not affect the computation of
F,, since this is a Q-exact operator. in that case, the F;; would be holomorphic functions of the
t*. But this is not the case. If we compute

OF,
ot°

= ({2, 1Q0, 3711, (6.8)

we would we tempted to think that this is the integral of a total derivative and therefore that
it vanishes. But this is not so, since we are now integrating over the moduli space of metrics of
a two-dimensional Riemann surface ¥, and this is known to have boundaries. The computation
of (6.8) can be done in detail using the techniques of CFT on Riemann surfaces, and the result
reads [15]

-1
_ 1. g
O F, = 575] (DZ»Dng_1 + ZDiFrDng_T) : (6.9)
r=1
for g > 1 and
A 1—ij X
OiOmFi = 5CY Coniy — (ﬂ - 1) Grs (6.10)

for g = 1. In these equations, x is the Euler number of the CY X, Cjj; is the Yukawa coupling,

D, is the covariant derivative introduced in (4.38), and 6%7 is defined in (4.58).

What are the consequence of the holomorphic anomaly? First of all, as we explained in
(3.128), the dependence on t* is a antiholomorphic dependence on the conjugate deformation
parameters (Kéhler moduli in the A-model, complex moduli in the B-model). But, as empha-
sized by Witten [31], this means that the topological string amplitudes depend on a choice of
a background point in the moduli space of the model. This is because, even before perturbing,
when we write the action as in (3.128), the correlation functions will depend on G, which is the
antiholomorphic part of our choice of basepoint. By the same token, if we introduce an explicit
coupling constant i as we did in (3.8), there is no decoupling and there are corrections to the
evaluation by instantons.

There is therefore a ¢t dependence

Fy(t,t) (6.11)

in the topological string amplitudes, which in general cannot be computed solely by consider-
ing semiclassical configurations. There is however a choice of basepoint where indeed one can
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compute via semiclassical methods, namely when ¢ — oo. This is because in this limit any
configuration which gives a nonzero result for the bosonic part of the first term in (3.128) is
exponentially suppressed, and by looking at (3.127) we see that in the A model, for example,
this forces maps to be holomorphic. One can indeed verify that in this limit

Fot) = lim Fy(t,9) (6.12)

can be computed as a sum over worldsheet instantons of genus g. For ¢ = 1 we have [30]

=2 Z / X) AT +ZNLBQ6 (6.13)

while for g > 2,
Fylt) = cpx(X Z g (6.14)

n (6.13) the first term involves the second Chern class of X, while in (6.14) the first term is the
so-called contribution of constant maps [15]. x is the Euler characteristic of X, and ¢, is given
by an integral of the moduli space of Riemann surfaces, whose value can be obtained explicitly
by using string dualities [32] or by a direct calculation [33]

o = (_1)9_1329329—2
I 4g(29-2)(29 - 2)V

In (6.13), (6.14), Ny are the Gromov—-Witten invariants of genus g and in the class 3. They
are rational numbers that “count” holomorphic maps at genus g in the class n;, and they can be
computed by integrating an appropriate function over the space of collective coordinates of the
instanton. This computation is not easy (to put it mildly). As in the case of the Gromov—Witten
invariants of genus zero, it is possible to extract from them integer Gopakumar—Vafa invariants.

The holomorphic anomaly actually makes possible to compute Fy(¢,) (and then its holo-
morphic limit) when combined with extra information about the geometry of the CY manifold.
In fact, in practical terms, the holomorphic anomaly is the only effective, available method to
compute F, for general compact CY targets.

(6.15)

6.2 The genus one free energy

The equation (6.10) can be integrated as follows. From the special geometry equation for the
Riemann tensor (4.59) we find the Ricci tensor

Ryp = Ry, © = Gap(m + 1) = Capg Oy (6.16)
where m is the number of moduli. On the other hand,

Rup = 0575 = 0y (G 0,Gon) (6.17)
We now recall that the derivative of the determinant of a matrix A is given by

Opdet A=det A- A9, Ar;, (6.18)

therefore we can write

R, = 0,05 logdet G. (6.19)

— 59 —



We then find,

1 1 1 1
EGal; - iaa(?glog det G = 0,05 <—2 log det G + m;K) . (6.20)

=Pq
CaquE = 9

D[

We can then integrate twice w.r.t. a and b in (6.10), to obtain

+1
Fy = —1logdet G + <m2—2ﬁ+1)K+f1(2), (6.21)

where f1(z) is an arbitrary holomorphic function which is usually called the holomorphic ambigu-
ity. (there is also in principle an integration constant in (6.21) which is purely anti-holomorphic,
but we will not consider it here). Using the results in section 4.5, one can find the holomorphic
limit of the F} coupling:

Fi= —%log det <§Z) - <m+1 X 1) log(X°(2)) + fu(2). (6.22)

The holomorphic ambiguity has to be fixed with additional data, typically coming from the
geometric meaning of Fj in (6.13). One additional piece of information one might use is that the
sum over Gromov—Witten invariants of genus one can be decomposed as

D> N =) <112no,/3 + nl,ﬂ) Lii(Q”). (6.23)
8 8

In this formula ng g is the Gopakumar—Vafa invariant at genus zero which we found in (5.44),
while n; g are Gopakumar—Vafa invariants at genus one. The formula (6.23) was first proposed
in [30] and later on re-derived on physical grounds in the more general context of [29]. The
geometric meaning of this formula is the following. First, of all, given a map from a torus to
X, one can obtain additional maps by considering multicoverings. A multiple cover of degree d
contributes

—-Q% 6.24
Qv (6.21)
and this leads to the Li;(Q®) appearing in (6.23). In addition, maps from the sphere to X,
counted by ng g, lead to maps from the torus by “bubbling,” i.e. by attaching an infinitesimal
handle to the sphere. This leads to the first term in the r.h.s. of (6.23).

Example 6.1. Fy for the quintic. Let us consider the quintic CY manifold. In this case, we
have a single modulus and

m+1 x 31
A 1= 2
2 24 + 3 (6.25)
In this case, (6.22) reads
31 1 dt
=1 ] — 2
Fi = =S tog (@o(2) - g 1og 51 ) + A(2) (6.26)

where we parametrize the holomorphic ambiguity in terms of two constants a, b,

fi1(2) = alog(z) + blog(1 — 5°2). (6.27)
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The coefficient a can be fixed against the large radius limit of F; (6.13). For this manifold one
has [30]

/ e2(X) A J = 50, (6.28)
X
and the large ¢ asymptotics is given by

25

Fi=5t+ 06, (6.29)
This fixes a1
a= TE (6.30)

The coefficient b can be obtained by using enumerative considerations, like e.g. the vanishing of
the Gopakumar—Vafa invariant of genus 1 and degree 1. This gives

1
b=——. 31
B (6.31)
We then find 25 2875 407125 1287042500
—_ 2 3 4
Fi=ptt 3@+ —5—0@ g @ 0@ (6.32)
From the expression (6.23) we deduce
nii=ni2= 0, nys3 = 609250, (633)
and so on. ]

6.3 The higher genus free energies

The strategy is to regard (6.9), (6.10) as differential equations for F,. Since the r.h.s. of the
equations only depends on Fyy with ¢’ < g and on special geometry data, one can try to use them
in a recursion procedure to determine the amplitudes. However, the problem is that, if Fy(t,t)
is a solution to the equations, then

Fy(t,t) + fo(t), (6.34)

where fy(t) is holomorphic in t, is also a solution. This is called for obvious reasons the holo-
morphic ambiguity. However, in some circumstances this ambiguity can be fixed with physical
input. Let us illustrate the procedure with the example of the Enriques CY.

Example 6.2. The Enriques C'Y. To illustrate how to solve the holomorphic anomaly equations,
we will consider a particular example, namely the Enriques CY. Most of the data of special
geometry were computed in 3.4. Using these data it is elementary to compute the tensor C*/,

which is a section of £72 ® Sym?(Th) @ T vy

o — g e - €
g v (S +5) (6.35)

C%_?b _ C‘agngJGSSeZK _ Gad(c—l)db7

and it is zero otherwise.
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Let us now study the holomorphic anomaly equations, starting with g = 1. Since x = 0, we
find

— 1~ 6
0505F1 = =C¥Cap + Gg5 = o=
279 S+5)2
: (§+5) (6.36)
8,155171 = EC‘E—dead + G = 2G 3,
and the other derivatives vanish. The general solution to this equation is
Fl(tafa Sv S) = _210gY - Glog(s+ S) - fl(t? S) - fl(t7 S)7 (637)

where f1(t,5) encodes the holomorphic ambiguity. Clearly, without further physical input one
cannot make much progress. The first piece of input is the factorization

fi(t,8) = f1(t) + 9(5) (6.38)
which makes possible to write the S-dependent piece of Fy(t,t,5,5) as

- 6log((S + 5)\92(S)|2>. (6.39)

Now, S is the Kihler parameter of the torus in K3xT?2, and there is an action of SL(2,7Z) on
it. It is natural to assume that the topological string amplitudes F, are modular forms of a
given weight with respect to this modular group. Due to the logarithm, F} should be modular
invariant. As we will see in a moment, it follows from the holomorphic anomaly equation that Fy
has modular weight 2—2¢. This fixes f(.5) to be of modular weight 1, and absence of singularities
for S # oo fixes

9(8) =1*(S), gs=e"", (6.40)
where 7(S) is the Dedekind eta function. This argument was already used in [30] to compute
F, for an elliptic curve. The other piece of the ambiguity fi(t) is still not fixed, but can be
obtained by using for example heterotic/type II duality [34] or a generalization of the modularity
argument [35].

Let us now write the holomorphic anomaly equations for higher genus in this model:

(Cfl)ab g-1
g | DaDoFy1+ ) DaFrDyFyr |,

OsFy = (S + 5)2

DN | =

r=1

) (6.41)
g—
0aFy = (C) "G4y (DsDng—1 + ZDsFrDng_r> :
r=1
For g = 2, the covariant derivatives acting on Fj are ordinary derivatives. Notice that
1~ _
OsFy = §E2(S’ S), (6.42)
where
12
S+S
is the covariant Eisenstein series, which is a nonholomorphic modular form of weight 2. This
confirms that the modular weight of F5 with respect to SL(2,Z) is 2. The ring of almost holo-

morphic modular forms is generated by Fs, F4 and Eg, therefore we should expect F5 to be given
by

Ey(S, ) = Ey(S) (6.43)

Fy(t,1,5,8) = Ey(S, S)e(t, D). (6.44)
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We can now plug this ansatz in the first equation of (6.41) and we obtain
1
o(t,f) = ﬂ(C—l)ab (DoDyF + D FEDyFY), (6.45)

where we have denoted
FP(t, 1) = =2log Y + f1(t) + f1(D). (6.46)

Therefore, if we know f1(t) (the holomorphic ambiguity for genus one) we can obtain the exact
value of Fy. This procedure can be extended to obtain nontrivial results for Fy at low genus, see
[20] for more details. O

For a general CY we don’t have the special structures of the Enriques CY example. One can
however find a systematic method to solve the HAEs by introducing the propagators of section
4.6. It is easy to see that the Fys can be written as polynomials in the propagators and the
derivatives K,, and we can regard these propagators and K, as generators of a polynomial ring
in which the Fys take values. In particular, the non-holomorphic dependence of F}, is contained
in these generators. Then, the HAE can be thought as recursive equations determining the
polynomial structure of the Fys in these generators [20, 21, 36]. We will follow in particular the
formulation in [21]. To write the equations in that form, we use generic complex parameters
2% z% and we translate the anti-holomorphic dependence of Fy in its dependence w.r.t. the
generators. One obtains in this way,

: OF,
oy = G

_ 8Fg
- HScd

OFg o Oy gen  OFs o
8KCGca+ asbGeaS + EYS GbaS
8F9 8F9 cb % b
ok, T ase” T a5 )

o+
(6.47)

égd + Gap <

By comparing this expression to (6.9), we find the two equations

oF, 1 1
5 Sagb = 3DaDpFyr + 5 > DuFy,DyFy,,
g1+92=g (648)
OF, o OF,  .,OF,
ar, T2 a5 T ger

0=

It turns out convenient to use the tilded generators (4.231). Then, the second equation in (6.48)
becomes simply

OF,
=0 6.49
aKa b ( )
while the first equation reads
OF, 10F, 10F, 10F 1 1
— Ky - -2 K, 4+ -—2K,Ky = —~DqDpF,y_1 + = D.F, DyF,,. (6.50
dSab 2 pga 2050 @ T2 gg et T gl 1+291§29 oFg DoFy- (6:50)

We want to write down this equation explicitly. To do this, we note that the double covariant
derivative as

DiD;F,_, = (aicsf —TE 44— 2g)Ki) (O + (4 — 29) K1) Fy_y. (6.51)
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The key idea the expression for the Christoffel symbol in terms of the propagators (4.156), as
well as the last equation in (4.240). We also have to take into account that F} is slightly different
from the higher Fys, and it satisfies

1 .
D,Fy =C; — (2%1 — ].) K;, C; = 5 Z-ijJk + fl(z) (652)
We can think about F} as having the derivative
OF; = G, (6.53)

and U(1) charge —x/24 + 1. We now take into account that, if g > 2, we have

DiD;Fy 1 = <5j3k + (CjemS™ — Sé'k)al + (4 —2g) (hjr — CjiS")

(6.54)
+(3—29)K; 0 + (3 — 29)K, 0 + (4 — 29)(3 — QQ)KkKj>Fg_1,
where we used (4.156) and the last equation in (4.240). If g = 2, we have
DjDkFl = 6jCk + (CjkmSml - Sék)cl — (% — 1) (hjk - Cjklgl)
(6.55)
+ (38— 29)K;C + (3 — 29) K, — (2% - 1) (3 — 29) K} K.
We can unify both equations if we define, as in [13],
OpFy, ifg>2
OpF, ={ e TI=2 (6.56)
Clm if 9= 17
and®
2 —2g)F, if g >2
- ( Xg) g ifg=2, (6.57)
—(ﬂ—l), if g=1.
Then, we can write
D;DyFy—y = (33'32; + (CipmS™ — s53) 0 + (3 — 29)K; O + (3 — 29) K 3}>Fg—1
_ (6.58)
+ <hjk — Cjlel + KkKj> Cg—1-
By using the same notation, we find
g—1 g—1
> DjFy yDpF, = Z{a;Fg_ha,th + KipendiFy_p + Kjcg_ 0, F) + Kijchcg_h}. (6.59)
h=1 h=1

With these ingredients, we can write down the explicit expression for (6.50). Since Fj is inde-
pendent of K; due to (6.49), we can equate both sides of the equation according to the powers

®Note that we define ¢, with the opposite sign to the one defined in [13].
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of K;. We then obtain the following set of three equations:

OF, -
(3 29)8 Fg 1— Zchaé-Fg_h,
957 Pt
OF, -
2 = (3- 2g9)cg—1 + Z ChCq—h,
h=1 (6.60)
OF, 1 mi 1
8Sjgk B <8 ak + (CjkmS )@) g—1+ Q(hjk — Cjlel)cg_l
1 9—
+ 5 Z 8-Fg,h6;€Fh.

T

1

Example 6.3. F} reduz. Let us now use the formalism of propagators to rederive the expression
(6.21). By using the very definition of the propagator (4.152) and of the Kéhler potential (4.21),
we can integrate (6.10) a first time to obtain

o= Lgho (X ),
0 F = 25 Chrii (24 1>K +f (6.61)

Now, one uses (4.156) to write

SMChyy = =T + (m + 1) K; + s}, (6.62)
where m is the number of moduli. Let us now consider the holomorphic limit. By using (4.146),
we find l
0% 9zt 0 ot o) ot
e & | — =_—<logdet { =— ) ¢ . 6.
1= 92000t 9z { Hos <azk>} 0z { 08 e <azk)} (6.:63)
We can then integrate (6.61) as
m+1 x 1 at®
PF=——-2+4+1)K—=<logdet | — .64
| ( 5 "t > 2{oge(azk>}+f1(z), (6.64)

where f1(z) is such that

0ifi(z) = 0 (z) + (6.65)

2

Example 6.4. F5> for an arbitrary one-modulus CY. In the one-modulus case there are four
generators, namely S%?, §%, S and K,. We will denote the holomorphic three-point function by
C',. The relevant derivatives are

0,57 = C. (S%)” + 257 — 252,57 + h77,

- (6.66)
0.K,=K?—C,5 — S*C.K, + s K, + h...
The starting point of the recursion is (6.61), which in the one modulus case reads
_ Ll X (1)
D,F = 2CZS + (1 o4 K, + ;7. (6.67)
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In this case, the r.h.s. of (6.50) reads

OF, 0F, _  10F,

5
—= z 7~K2:*
08%  9S= +2 89S * 8

1 1 1 1
L2z Lo p1) L) (£Q) _ o2 (X 6.68
AR U ER TR (fz Szz>+2 (1 24) hz (6:68)

+ 08 4 (-1 K2 - X (s 420 K,

C2 (5% + 7 (CL - 3C.s2, +4C. V) 5

=

By using that F5 is independent of K, this can be integrated to obtain

) 1
Fy = 202 (5%) 4 < (OL = 3Cas%, + 4040 (577

1 1 1 1
2 20, ) L Z () (1) _ g2 (1 X 2z 6.69
" <4hz Cot it 5 (1 SZZ)+2 (1 24) h“)S (6.69)

+ 4—2 (C5¥ +27) 5+ o (% ~1) 5+ 1@,
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