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In this talk I will consider a particular type of topological 
invariants for knots, given by power series with factorial growth:

an ⇠ n!
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This series are also called Gevrey-1 series, and they have zero 
radius of convergence. They appear often in quantum mechanics 

and in quantum field theory, in the context of perturbation 
theory.

Motivation



Making sense of these series is a delicate task.  A general and 
ambitious framework for doing this was constructed in the 

1980s by the French mathematician Jean Ecalle. It is called the 
theory of resurgence

It builds on the contributions of many physicists, in particular 
Carl Bender, T.T. Wu,  André Voros, Giorgio Parisi and Jean 

Zinn-Justin, who were studying these series in quantum theory 



We will see that, thanks to the theory of resurgence, one finds 
“hidden” structures inside these perturbative series, and in 

particular integer invariants of knots (cf. Sergei Gukov’s 
talk). 

In quantum topology, one often uses physics ideas and 
techniques to obtain invariants of knots and three-manifolds. 
In this talk I will use the theory of resurgence to shed light 

on invariants of knots that appear naturally in quantum 
topology and are given by Gevrey-1 series (this is a program 

sketched by Stavros Garoufalidis long ago). 



Perturbative series for knots

Let K be a hyperbolic knot in the 3-sphere. It is possible to define 

a finite collection of Gevrey-1 formal power series 
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What is  ?  Let    be a flat SL(2,C) connection on the 
complement of K. It can be labelled by a complex variable u 

(corresponding to a holonomy around the knot) and a discrete 
variable, which is my . 
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which are topological invariants of K
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Example: 41
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� = 0, g, c

respectively: the trivial connection, the geometric connection 

(corresponding to the complete Riemannian metric of constant 

negative curvature), and its conjugate

In this talk, I’m setting u=0. Everything I will say can be 
generalized to arbitrary u 

the figure eight knot



       Let us consider the colored Jones polynomial of K
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n 2 Z>0
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J2(q) = J(q)

It can be computed combinatorially for any knot and positive 
integer n, and it satisfies:
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'0(⌧)Let me sketch how to define the series 
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Example: 

In order to obtain a series, we need a small parameter. We then 
set
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For any positive integer n, we obtain a convergent series
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The coefficients             turn out to be polynomials in n, and, 
somewhat surprisingly, when we evaluate them at n=0 we obtain a 
Gevrey-1 series much studied by Melvin, Morton, Rozansky, and 

others 

<latexit sha1_base64="akWpCD+eeqpPHJalBeNN7+h0CWo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgWcLsZDYZM49lZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ3UJD1Rlue9Ysmv+HOgVRJkpAQZ6r3iV7evSCqotIRjYzqBn9hwgrVlhNNpoZsammAywgPacVRiQU04mV87RWdO6aNYaVfSorn6e2KChTFjEblOge3QLHsz8T+vk9r4OpwwmaSWSrJYFKccWYVmr6M+05RYPnYEE83crYgMscbEuoAKLoRg+eVV0ryoBJeV6n21VLvJ4sjDCZxCGQK4ghrcQR0aQOARnuEV3jzlvXjv3seiNedlM8fwB97nD94kjq0=</latexit>

cm (n)

<latexit sha1_base64="p7OstiZmGU9LJnI2BYw3Z7sdcCk=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VoF5ZEiroRim5cVrAPaGKYTCft0JkkzEwKJfQr3Pgrblwo4lbc+TdO2iy09cCFwzn3cu89fsyoVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dJP5nTERkkbhvZrExOVoENKAYqS05JmnzhiJeEg9q+IolFSvoCMT7qUcOgMCrSnEHq9YVZiZD9wzy1bNmgEuEzsnZZCj6ZlfTj/CCSehwgxJ2bOtWLkpEopiRqYlJ5EkRniEBqSnaYg4kW46e2sKT7TSh0EkdIUKztTfEyniUk64rzs5UkO56GXif14vUcGlm9IwThQJ8XxRkDCoIphlBPtUEKzYRBOEBdW3QjxEAmGlkyzpEOzFl5dJ+6xmn9fqd/Vy4zqPowiOwDGoABtcgAa4BU3QAhg8gmfwCt6MJ+PFeDc+5q0FI585BH9gfP4AdyWdrQ==</latexit>

! 0(" ) =
!

m ! 0

cm (0)" m



Example: 
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Rozansky gave a physical interpretation of this series, as an 
expansion around the trivial connection of the path integral of 

SU(2) CS-Witten theory on the complement of K. So it is a typical, 
factorially divergent QFT series



For the other flat connections, the Gevrey-1 series can be 
defined in various ways. From a physics point of view, their 
construction was explained in work by [Dimofte-Gukov-Lenell-

Zagier]

Mathematically, they can be defined as formal asymptotic 
expansions of the Andersen-Kashaev invariant of the 
complement of K, around non-trivial flat connections. There is 

also a direct construction by [Dimofte-Garoufalidis] which gives 
(conjecturally) the same answer. 

They should be regarded as expansions of the path integral of 
SL(2,C) CS-Witten theory around non-trivial flat connections. 
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<latexit sha1_base64="ln22B9OdU2Aeo90FY04AX/YzDvg="></latexit>

=all-orders asymptotic expansion of the Kashaev invariant

Example: 

! c(" ) = ! g(! " )

<latexit sha1_base64="G23s4n3jnBRwABU5DOS563gcpOo=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR6sKSSEFdCEU3LivYCzQhTKaTduhkEmYmhRK6duOruHGhiFufwJ1v4zSNoK0/DPx85xzOnN+PGZXKsr6MwtLyyupacb20sbm1vWPu7rVklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Q9vpvX2iAhJI36vxjFxQ9TnNKAYKY0889AZIREPqIcrjkLJyRX8Af3KaUY8s2xVrUxw0di5KYNcDc/8dHoRTkLCFWZIyq5txcpNkVAUMzIpOYkkMcJD1CddbTkKiXTT7JQJPNakB4NI6McVzOjviRSFUo5DX3eGSA3kfG0K/6t1ExVcuCnlcaIIx7NFQcKgiuA0F9ijgmDFxtogLKj+K8QDJBBWOr2SDsGeP3nRtM6qdq16eVcr16/zOIrgAByBCrDBOaiDW9AATYDBA3gCL+DVeDSejTfjfdZaMPKZffBHxsc39AmZzQ==</latexit>



One could think that all these formal power series are 
independent. For example  and the series labelled from 

non-trivial flat connections come from very different 
invariants. It turns out that this is not the case: surprisingly, 

they know about each other! 

<latexit sha1_base64="maSGUmITy8MzQ5phegjuTDmMbUY=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCeox6MVjBLNAZhhqOp2kSc9CL4E45Eu8eFDEq5/izb+xk8xBEx8UPN6roqpemHImleN8W4WNza3tneJuaW//4LBsHx23ZaIFoS2S8ER0Q5CUs5i2FFOcdlNBIQo57YTju7nfmVAhWRI/qmlK/QiGMRswAspIgV32JiDSEQucqqdAXwR2xak5C+B14uakgnI0A/vL6ydERzRWhIOUPddJlZ+BUIxwOit5WtIUyBiGtGdoDBGVfrY4fIbPjdLHg0SYihVeqL8nMoiknEah6YxAjeSqNxf/83paDW78jMWpVjQmy0UDzbFK8DwF3GeCEsWnhgARzNyKyQgEEGWyKpkQ3NWX10n7suZe1eoP9UrjNo+jiE7RGaoiF12jBrpHTdRCBGn0jF7Rm/VkvVjv1seytWDlMyfoD6zPHxDLkrY=</latexit>

! 0(" )

This is actually the meaning of “resurgence”: one series 
“resurges” in the others. To understand this precisely, we need 

some “resurgent technology”



!! (" ) =
"

n ! 0

an

n!
" n

Borel transform

Decoding divergent series

! (z) =
!

n ! 0

an zn

Let us consider a formal power series with factorially growing 
coefficients

The first step in resurgent analysis is the Borel transform, 
a deceptively simple way of obtaining “nice” functions

<latexit sha1_base64="Ra4oNiPx0xqht2/PaI7WQGBCblI=">AAACC3icbVDLSgMxFM3UV62vqks3oUWomzIjim6EohuXFewDOuOQSTNtaJIZkkyhHbp346+4caGIW3/AnX9j2s5CWw8EDuecy809Qcyo0rb9beVWVtfWN/Kbha3tnd294v5BU0WJxKSBIxbJdoAUYVSQhqaakXYsCeIBI61gcDP1W0MiFY3EvR7FxOOoJ2hIMdJG8osld4hk3KeV8ckVdFXC/VRAt0egPYHIF3D8YEJlu2rPAJeJk5EyyFD3i19uN8IJJ0JjhpTqOHasvRRJTTEjk4KbKBIjPEA90jFUIE6Ul85umcBjo3RhGEnzhIYz9fdEirhSIx6YJEe6rxa9qfif10l0eOmlVMSJJgLPF4UJgzqC02Jgl0qCNRsZgrCk5q8Q95FEWJv6CqYEZ/HkZdI8rTrnVfvurFy7zurIgyNQAhXggAtQA7egDhoAg0fwDF7Bm/VkvVjv1sc8mrOymUPwB9bnDyDsmdM=</latexit>

! (z) =
!

n ! 0

an zn <latexit sha1_base64="6sFflns4/HwPqWav7I0qpNq+/DE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eRoPgKeyKosegF48RjAlsljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHTSxoKKq66e6KU8Et+P63V1pZXVvfKG9WtrZ3dveq+wePVmeGshbVQptOTCwTXLEWcBCskxpGZCxYOx7dTv32EzOWa/UA45RFkgwUTzgl4KSQ9BTuWi6xOu5Va37dnwEvk6AgNVSg2at+dfuaZpIpoIJYGwZ+ClFODHAq2KTSzSxLCR2RAQsdVUQyG+Wzkyf41Cl9nGjjSgGeqb8nciKtHcvYdUoCQ7voTcX/vDCD5DrKuUozYIrOFyWZwKDx9H/c54ZREGNHCDXc3YrpkBhCwaVUcSEEiy8vk8fzenBZ9+8vao2bIo4yOkIn6AwF6Ao10B1qohaiSKNn9IrePPBevHfvY95a8oqZQ/QH3ucPOE+Qjg==</latexit>

an ! n!



The Borel transform          is by definition analytic at the 
origin. Very often it can be analytically continued to the 
complex plane, displaying a set of singularities (poles, 

branch cuts)

!! (" )

Borel plane
<latexit sha1_base64="O4W3678ANFv/24+YhjcqS772SCE=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKphbaUDbbSbt0swm7E6GG/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TJJpDj5PZKLbITMghQIfBUpopxpYHEp4CEc3U//hEbQRibrHcQpBzAZKRIIztJLffQJkvWrNrbsz0GXiFaRGCjR71a9uP+FZDAq5ZMZ0PDfFIGcaBZcwqXQzAynjIzaAjqWKxWCCfHbshJ5YpU+jRNtSSGfq74mcxcaM49B2xgyHZtGbiv95nQyjqyAXKs0QFJ8vijJJMaHTz2lfaOAox5YwroW9lfIh04yjzadiQ/AWX14mrbO6d1F3785rjesijjI5IsfklHjkkjTILWkSn3AiyDN5JW+Ocl6cd+dj3lpyiplD8gfO5w/p0I7A</latexit>

!

<latexit sha1_base64="49phO094DUyRme42Ui8nwxbsOFg=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF48RTAxklzA76U2GzGOZmRXikt/w4kERr/6MN//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/aRmWaQosqrnQnJgY4k9CyzHLopBqIiDk8xKObqf/wCNowJe/tOIVIkIFkCaPEOikMn8CSXqgEDEivWvPr/gx4mQQFqaECzV71K+wrmgmQlnJiTDfwUxvlRFtGOUwqYWYgJXREBtB1VBIBJspnN0/wiVP6OFHalbR4pv6eyIkwZixi1ymIHZpFbyr+53Uzm1xFOZNpZkHS+aIk49gqPA0A95kGavnYEUI1c7diOiSaUOtiqrgQgsWXl0n7rB5c1P2781rjuoijjI7QMTpFAbpEDXSLmqiFKErRM3pFb17mvXjv3se8teQVM4foD7zPHzSCkco=</latexit>

! !

<latexit sha1_base64="zPgYgMeV0Ry0oag4xecFA1YFeRc=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVhETyURRY9FLx4r2A9oQthsJ+3SzW7Y3Qht6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzopRRpV332yqtrW9sbpW3Kzu7e/tV++CwrUQmCbSIYEJ2I6yAUQ4tTTWDbioBJxGDTjS6m/mdJ5CKCv6oxykECR5wGlOCtZFCu+pPQOMw90UCA3w2De2aW3fncFaJV5AaKtAM7S+/L0iWANeEYaV6npvqIMdSU8JgWvEzBSkmIzyAnqEcJ6CCfH741Dk1St+JhTTFtTNXf0/kOFFqnESmM8F6qJa9mfif18t0fBPklKeZBk4Wi+KMOVo4sxScPpVANBsbgomk5laHDLHERJusKiYEb/nlVdK+qHtXdffhsta4LeIoo2N0gs6Rh65RA92jJmohgjL0jF7RmzWxXqx362PRWrKKmSP0B9bnD95bkzg=</latexit>

! ! !



As we will see, these singularities contain the additional 
information “hidden” in the original Gevrey-1 series



To extract this information, we have to consider the 
expansion of the Borel transform around each singularity. 

These leads to new formal power series. 

Let us consider for simplicity the so-called simple 
resurgent functions, where singularities are logarithmic 

branch cuts.  The expansion around a singularity at   

has the form        

<latexit sha1_base64="hSG7uL/3EYtbwiIjree8i/RsnOc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6kYounFZwT6gCWEyvWmHTh7MTIQY6q+4caGIWz/EnX/jNM1Cqwcu93DOvcyd4yecSWVZX0ZlaXllda26XtvY3NreMXf3ujJOBYUOjXks+j6RwFkEHcUUh34igIQ+h54/uZ75vXsQksXRncoScEMyiljAKFFa8sy68wCKXOKieU4cwoh4ZsNqWgXwX2KXpIFKtD3z0xnGNA0hUpQTKQe2lSg3J0IxymFac1IJCaETMoKBphEJQbp5cfwUH2pliINY6IoULtSfGzkJpcxCX0+GRI3lojcT//MGqQou3JxFSaogovOHgpRjFeNZEnjIBFDFM00IFUzfiumYCEKVzqumQ7AXv/yXdI+b9lnz5Pa00boq46iifXSAjpCNzlEL3aA26iCKMvSEXtCr8Wg8G2/G+3y0YpQ7dfQLxsc3hBGUsg==</latexit>

! = ! !

<latexit sha1_base64="uMOm4MvZTafs0cQrLk4Hur0vTpk="></latexit>

!! (" ) = ! S! !! ! (" ! " ! )
log(" ! " ! )

2#i
+ regular



The function            is typically analytic at the origin

! ! (z) =
!

n ! 0

an, ! zn

<latexit sha1_base64="c/DELOC5UJ98Az/EvaTobVBOadg=">AAACHHicbVDLSgMxFM34tr6qLt0Ei6AgZUYFdSGIblwqWFvo1HInvW2DSWZIMoV26Ie48VfcuFDEjQvBvzF9LHwdCBzOuYebe6JEcGN9/9ObmJyanpmdm88tLC4tr+RX125MnGqGJRaLWFciMCi4wpLlVmAl0QgyEliO7s4HfrmD2vBYXdtugjUJLcWbnIF1Uj2/H3ZAJ21eD2OJLdju7ZzQ0KSynikatpD6fQqO79KR36e9W5cq+EV/CPqXBGNSIGNc1vPvYSNmqURlmQBjqoGf2FoG2nImsJ8LU4MJsDtoYdVRBRJNLRse16dbTmnQZqzdU5YO1e+JDKQxXRm5SQm2bX57A/E/r5ra5lEt4ypJLSo2WtRMBbUxHTRFG1wjs6LrCDDN3V8pa4MGZl2fOVdC8Pvkv+RmrxgcFI+vDgqnZ+M65sgG2STbJCCH5JRckEtSIozck0fyTF68B+/Je/XeRqMT3jizTn7A+/gCZLug8g==</latexit>

The constant        is called a Stokes constant and plays an 
important role in the theory. Its value depends on the 

normalization of    

<latexit sha1_base64="uGjGpgxAoio9mD8Hu3NkAhEgf8Y=">AAACBnicbVDJSgNBEO1xjXGLehShMQjxEmZU1GPQi8cIZoHMMNR0KkmTnoXunmgIOXnxV7x4UMSr3+DNv7GzHDTxQcHjvSqq6gWJ4Erb9re1sLi0vLKaWcuub2xubed2dqsqTiXDCotFLOsBKBQ8wormWmA9kQhhILAWdK9Hfq2HUvE4utP9BL0Q2hFvcQbaSH7uwL3nTeyApm4PZNLhvhuH2AZacB/4sZ/L20V7DDpPnCnJkynKfu7LbcYsDTHSTIBSDcdOtDcAqTkTOMy6qcIEWBfa2DA0ghCVNxi/MaRHRmnSVixNRZqO1d8TAwiV6oeB6QxBd9SsNxL/8xqpbl16Ax4lqcaITRa1UkF1TEeZ0CaXyLToGwJMcnMrZR2QwLRJLmtCcGZfnifVk6JzXjy9PcuXrqZxZMg+OSQF4pALUiI3pEwqhJFH8kxeyZv1ZL1Y79bHpHXBms7skT+wPn8AmF2Yjw==</latexit>

!! ! (" )

<latexit sha1_base64="nwrJ8a8rZXSkEoLEI1xNrZeZqME=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCWAgLGChbEI+pCaqHJcp7XqR2Q7oCr0U1gYQIiVL2Hjb3DTDFA4kqWjc+7VPT5Rwqg2nvfllJaWV1bXyuuVjc2t7R23utvWMlWYtLBkUnUjpAmjgrQMNYx0E0UQjxjpROOrmd+5J0pTKe7MJCEhR0NBY4qRsVLfrQYcmZGOs9tpP5CcDFHfrXl1Lwf8S/yC1ECBZt/9DAYSp5wIgxnSuud7iQkzpAzFjEwrQapJgvAYDUnPUoE40WGWR5/CQ6sMYCyVfcLAXP25kSGu9YRHdjIPuujNxP+8XmriizCjIkkNEXh+KE4ZNBLOeoADqgg2bGIJworarBCPkELY2LYqtgR/8ct/Sfu47p/VT25Oa43Loo4y2AcH4Aj44Bw0wDVoghbA4AE8gRfw6jw6z86b8z4fLTnFzh74BefjG7NFlEs=</latexit>

S!

<latexit sha1_base64="23DUJpWV7Ae7POxds2ZpGewqDyc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQq6rLoxmUF+4AmhMl00g6dR5iZFGvpr7hxoYhbf8Sdf+O0zUJbD1w4nHMv994Tp4xq43nfzsrq2vrGZmGruL2zu7fvHpSaWmYKkwaWTKp2jDRhVJCGoYaRdqoI4jEjrXhwO/VbQ6I0leLBjFISctQTNKEYGStFbikYIpX2aRRITnoIVp5OI7fsVb0Z4DLxc1IGOeqR+xV0Jc44EQYzpHXH91ITjpEyFDMyKQaZJinCA9QjHUsF4kSH49ntE3hilS5MpLIlDJypvyfGiGs94rHt5Mj09aI3Ff/zOplJrsMxFWlmiMDzRUnGoJFwGgTsUkWwYSNLEFbU3gpxHymEjY2raEPwF19eJs2zqn9ZPb+/KNdu8jgK4AgcgwrwwRWogTtQBw2AwSN4Bq/gzZk4L8678zFvXXHymUPwB87nD1bAk/w=</latexit>

! ! (z)

<latexit sha1_base64="kEMNisaL4qt2rkTdJPKXYlW86I0="></latexit>

!! ! (" ) =
"

n ! 0

!an, ! " n

but we can think about it as the Borel transform of a new Gevrey-1 
series associated to the singularity:

<latexit sha1_base64="xIwzLNcIUf2sbOt24tKuPYrm+qU=">AAACFHicbVDLSgNBEJyNrxhfUY9eRoMgKGFXgnoRgl48RjAPSELonXSSIbOzy8ysEpZ8hBd/xYsHRbx68ObfOHkcTLSgoaaqm+kuPxJcG9f9dlILi0vLK+nVzNr6xuZWdnunosNYMSyzUISq5oNGwSWWDTcCa5FCCHyBVb9/PfKr96g0D+WdGUTYDKAreYczMFZqZY+hlcgT2ggD7MLwUu7Thn098Db2wNAZk7ayOTfvjkH/Em9KcmSKUiv71WiHLA5QGiZA67rnRqaZgDKcCRxmGrHGCFgfuli3VEKAupmMjxrSQ6u0aSdUtqShY/X3RAKB1oPAt50BmJ6e90bif149Np2LZsJlFBuUbPJRJxbUhHSUEG1zhcyIgSXAFLe7UtYDBczYHDM2BG/+5L+kcpr3zvKF20KueDWNI032yAE5Ih45J0VyQ0qkTBh5JM/klbw5T86L8+58TFpTznRml8zA+fwBWtKdJg==</latexit>

an, ! = n! !an, !



We can repeat the same analysis for the new power series 
found in this way, and generate further series.  At the end, we 
obtain a set of formal power series associated to the 

original power series, which I call the “minimal resurgent 
structure” associated to 

<latexit sha1_base64="LF9yps6b6tWON+1ZjYN1LbYPCJ8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsquinosevFYwX5gu5Rsmm1Dk+ySZAt16b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HbqN0dUaRbJBzOOqS9wX7KQEWys9NgZYRUPWPnptFssuRV3BrRMvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOil0Ek1jTIa4T9uWSiyo9tPZxRN0YpUeCiNlSxo0U39PpFhoPRaB7RTYDPSiNxX/89qJCa/9lMk4MVSS+aIw4chEaPo+6jFFieFjSzBRzN6KyAArTIwNqWBD8BZfXiaNs4p3WTm/vyhVb7I48nAEx1AGD66gCndQgzoQkPAMr/DmaOfFeXc+5q05J5s5hD9wPn8AKgKQlw==</latexit>

! (z)

<latexit sha1_base64="LF9yps6b6tWON+1ZjYN1LbYPCJ8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXsquinosevFYwX5gu5Rsmm1Dk+ySZAt16b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HbqN0dUaRbJBzOOqS9wX7KQEWys9NgZYRUPWPnptFssuRV3BrRMvIyUIEOtW/zq9CKSCCoN4VjrtufGxk+xMoxwOil0Ek1jTIa4T9uWSiyo9tPZxRN0YpUeCiNlSxo0U39PpFhoPRaB7RTYDPSiNxX/89qJCa/9lMk4MVSS+aIw4chEaPo+6jFFieFjSzBRzN6KyAArTIwNqWBD8BZfXiaNs4p3WTm/vyhVb7I48nAEx1AGD66gCndQgzoQkPAMr/DmaOfFeXc+5q05J5s5hD9wPn8AKgKQlw==</latexit>

! (z)
<latexit sha1_base64="4UGNKJgJKOzys09FaVVOK6oSVrY="></latexit>

B ! = { ! " (z)} " ! !

We also have a matrix of Stokes constants defined 
by 

<latexit sha1_base64="0gqNLT4rdCNMcA6o5fQmd7hImdM="></latexit>

!! ! (" ! ! + #) = ! S!! !
log(#)

2$i
!! ! ! (#) + regular



Therefore, starting with a single Gevrey-1 series, we find 
potentially a very rich structure!



An elementary example: 

the Airy functions

<latexit sha1_base64="ciT22YriszVa1zAg2FZLR0+7pIQ="></latexit>

! 1(z) =
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n ! 0
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The formal power series underlying the Airy “Ai” function is

In this case the resurgent structure can be worked out in detail, 
since the Borel transform is simply

<latexit sha1_base64="wltuL7t29jfz0kR43yYrbYApHRs="></latexit>

!! 1(" ) = 2F1
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Borel plane:

<latexit sha1_base64="7fBQX1q/+AEmgGn+CVg9vQGIbs0=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4sSRaUQSh4MZlBfuAppTJdNIOnWTCzESsIb/ixoUibv0Rd/6N0zYLbT0wcDjnXO6d48ecKe0439bS8srq2npho7i5tb2za++VmkokktAGEVzIto8V5SyiDc00p+1YUhz6nLb80c3Ebz1QqZiI7vU4pt0QDyIWMIK1kXp2yXuiGl+fpFXkCRNEZ1nPLjsVZwq0SNyclCFHvWd/eX1BkpBGmnCsVMd1Yt1NsdSMcJoVvUTRGJMRHtCOoREOqeqm09szdGSUPgqENC/SaKr+nkhxqNQ49E0yxHqo5r2J+J/XSXRw2U1ZFCeaRmS2KEg40gJNikB9JinRfGwIJpKZWxEZYomJNnUVTQnu/JcXSfO04p5XnLtquXaV11GAAziEY3DhAmpwC3VoAIFHeIZXeLMy68V6tz5m0SUrn9mHP7A+fwC0o5OM</latexit>

! = !
4
3

This a simple resurgent function, with a log singularity along the 
negative real axis:

By studying the expansion around the singularity, one finds the 
other formal power series involved in the theory, underlying the 

“Bi” Airy function

<latexit sha1_base64="hsBuv8kLOL2kQdIrgtr87/xU8GE="></latexit>

! 2(z) =
!

n ! 0
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#n ! (n + 5
6 )! (n + 1
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n!

zn

The Stokes constants are 
<latexit sha1_base64="fR9Duw+j5pIiIdgKex/qnjAuGH8=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlaSKuikU3bisaB/QhDCZTtqhk0mYmQgl5Bfc+CtuXCji1p07/8ZpmkVtPXDhcM693HuPHzMqlWX9GCura+sbm6Wt8vbO7t6+eXDYkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vpn63UciJI34g5rExA3RkNOAYqS05JlVJ0RqJIP0PvNSu5414LxQt7NG6ogQ0swzK1bNygGXiV2QCijQ8sxvZxDhJCRcYYak7NtWrNwUCUUxI1nZSSSJER6jIelrylFIpJvmH2XwVCsDGERCF1cwV+cnUhRKOQl93Zmfu+hNxf+8fqKCKzelPE4U4Xi2KEgYVBGcxgMHVBCs2EQThAXVt0I8QgJhpUMs6xDsxZeXSadesy9qZ3fnleZ1EUcJHIMTUAU2uARNcAtaoA0weAIv4A28G8/Gq/FhfM5aV4xi5gj8gfH1C2fJnWE=</latexit>

S12 = S21 = i



Resurgence of perturbative CS

We can now ask: what is the resurgent structure of the Gevrey-1 
series associated to a hyperbolic knot K? Let me state some 

(mostly conjectural results) for the figure eight knot



Conjecture [Garoufalidis-Gu-M.M.-Wheeler]: for the figure eight knot, 

 the singularities in the Borel plane of              are located at 

<latexit sha1_base64="vdHsYObk/CXjT1/Ff3cqc3Ov9bY=">AAACDXicbVDLSsNAFJ3UV62vqEs3F6sgCCWpoi6LblxWsA9oQplMp+3QmSTMTIQS8gNu/BU3LhRx696df+O0zUJbDwwczjmXO/cEMWdKO863VVhaXlldK66XNja3tnfs3b2mihJJaINEPJLtACvKWUgbmmlO27GkWASctoLRzcRvPVCpWBTe63FMfYEHIeszgrWRuvaRFwtIm+BFJgVVL2YZnEIVRmAopJ4UwLKuXXYqzhSwSNyclFGOetf+8noRSQQNNeFYqY7rxNpPsdSMcJqVvETRGJMRHtCOoSEWVPnp9JoMjo3Sg34kzQs1TNXfEykWSo1FYJIC66Ga9ybif14n0f0rP2VhnGgaktmifsJBRzCpBnpMUqL52BBMJDN/BTLEEhNtCiyZEtz5kxdJs1pxLypnd+fl2nVeRxEdoEN0glx0iWroFtVRAxH0iJ7RK3qznqwX6936mEULVj6zj/7A+vwBWeaZ2g==</latexit>

±
V
2!

+ 2k! i
<latexit sha1_base64="GQ/KAsfYHhFddggcXiNYdfW5L04=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRa1GXRjcsK9oFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScY3+V+Z0KlYrF41NOE+hEeChYygrWR+rY9Rh4TyIuwHgVB9jTr21Wn5syBVolbkCoUaPbtL28QkzSiQhOOleq5TqL9DEvNCKezipcqmmAyxkPaM1TgiCo/myefoTOjDFAYS/OERnP190aGI6WmUWAm84Rq2cvF/7xeqsMbP2MiSTUVZHEoTDnSMcprQAMmKdF8aggmkpmsiIywxESbsiqmBHf5y6ukfVFzr2qXD/Vq47aoowwncArn4MI1NOAemtACAhN4hld4szLrxXq3PhajJavYOYY/sD5/AA4zk00=</latexit>

k ! Z

V=2.02988… : hyperbolic volume of the complement of the knot.

<latexit sha1_base64="KDaZikiy/8t5q3q3xNdZNZ1X4GA=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtop6k4MVjBfsB3bVk02wbmk2WJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqTog15UzQpmGG006iKI5DTtvh6Gbqtx+p0kyKezNOaBDjgWARI9hY6SFr+dLaqIb8hE165YpbdWdAy8TLSQVyNHrlL78vSRpTYQjHWnc9NzFBhpVhhNNJyU81TTAZ4QHtWipwTHWQza6eoBOr9FEklS1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRVZAxkaSGCjJfFKUcGYmmEaA+U5QYPrYEE8XsrYgMscLE2KBKNgRv8eVl0qpVvYvq2d15pX6dx1GEIziGU/DgEupwCw1oAgEFz/AKb86T8+K8Ox/z1oKTzxzCHzifP9vAkhc=</latexit>

V
2!

<latexit sha1_base64="1Mz1Y04E9xpT+lhEoWDlBgvjSug=">AAAB+HicbVDLSgMxFL3js9ZHqy7dBIvgxjJTRV1JwY3LCvYBnaFk0kwbmkmGJCPUoV/ixoUibv0Ud/6NaTsLbT0QOJxzLvfmhAln2rjut7Oyura+sVnYKm7v7O6VyvsHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDv1249UaSbFgxknNIjxQLCIEWys1CuXzrKWL20C1ZCfsEmvXHGr7gxomXg5qUCORq/85fclSWMqDOFY667nJibIsDKMcDop+qmmCSYjPKBdSwWOqQ6y2eETdGKVPoqksk8YNFN/T2Q41nochzYZYzPUi95U/M/rpia6DjImktRQQeaLopQjI9G0BdRnihLDx5Zgopi9FZEhVpgY21XRluAtfnmZtGpV77J6fn9Rqd/kdRTgCI7hFDy4gjrcQQOaQCCFZ3iFN+fJeXHenY95dMXJZw7hD5zPH78skn8=</latexit>

!
V
2!

<latexit sha1_base64="maSGUmITy8MzQ5phegjuTDmMbUY=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCeox6MVjBLNAZhhqOp2kSc9CL4E45Eu8eFDEq5/izb+xk8xBEx8UPN6roqpemHImleN8W4WNza3tneJuaW//4LBsHx23ZaIFoS2S8ER0Q5CUs5i2FFOcdlNBIQo57YTju7nfmVAhWRI/qmlK/QiGMRswAspIgV32JiDSEQucqqdAXwR2xak5C+B14uakgnI0A/vL6ydERzRWhIOUPddJlZ+BUIxwOit5WtIUyBiGtGdoDBGVfrY4fIbPjdLHg0SYihVeqL8nMoiknEah6YxAjeSqNxf/83paDW78jMWpVjQmy0UDzbFK8DwF3GeCEsWnhgARzNyKyQgEEGWyKpkQ3NWX10n7suZe1eoP9UrjNo+jiE7RGaoiF12jBrpHTdRCBGn0jF7Rm/VkvVjv1seytWDlMyfoD6zPHxDLkrY=</latexit>

! 0(" )



It turns out that this is a simple resurgent function. We can then ask 

what are the formal power series associated to the singularities

<latexit sha1_base64="KDaZikiy/8t5q3q3xNdZNZ1X4GA=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtop6k4MVjBfsB3bVk02wbmk2WJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqTog15UzQpmGG006iKI5DTtvh6Gbqtx+p0kyKezNOaBDjgWARI9hY6SFr+dLaqIb8hE165YpbdWdAy8TLSQVyNHrlL78vSRpTYQjHWnc9NzFBhpVhhNNJyU81TTAZ4QHtWipwTHWQza6eoBOr9FEklS1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRVZAxkaSGCjJfFKUcGYmmEaA+U5QYPrYEE8XsrYgMscLE2KBKNgRv8eVl0qpVvYvq2d15pX6dx1GEIziGU/DgEupwCw1oAgEFz/AKb86T8+K8Ox/z1oKTzxzCHzifP9vAkhc=</latexit>

V
2!

<latexit sha1_base64="1Mz1Y04E9xpT+lhEoWDlBgvjSug=">AAAB+HicbVDLSgMxFL3js9ZHqy7dBIvgxjJTRV1JwY3LCvYBnaFk0kwbmkmGJCPUoV/ixoUibv0Ud/6NaTsLbT0QOJxzLvfmhAln2rjut7Oyura+sVnYKm7v7O6VyvsHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wdDv1249UaSbFgxknNIjxQLCIEWys1CuXzrKWL20C1ZCfsEmvXHGr7gxomXg5qUCORq/85fclSWMqDOFY667nJibIsDKMcDop+qmmCSYjPKBdSwWOqQ6y2eETdGKVPoqksk8YNFN/T2Q41nochzYZYzPUi95U/M/rpia6DjImktRQQeaLopQjI9G0BdRnihLDx5Zgopi9FZEhVpgY21XRluAtfnmZtGpV77J6fn9Rqd/kdRTgCI7hFDy4gjrcQQOaQCCFZ3iFN+fJeXHenY95dMXJZw7hD5zPH78skn8=</latexit>

!
V
2!

<latexit sha1_base64="JZ79EJayIO03qnRV2nQCmgnVGQY=">AAAB73icbVBNS8NAEJ2tX7V+VT16WSyCp5KoqMeiF48V7Ac0oWy2m3TpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAqujeN8o9LK6tr6RnmzsrW9s7tX3T9o6yRTlLVoIhLVDYhmgkvWMtwI1k0VI3EgWCcY3U79zhNTmifywYxT5sckkjzklBgrdb2AR5HyJv1qzak7M+Bl4hakBgWa/eqXN0hoFjNpqCBa91wnNX5OlOFUsEnFyzRLCR2RiPUslSRm2s9n907wiVUGOEyULWnwTP09kZNY63Ec2M6YmKFe9Kbif14vM+G1n3OZZoZJOl8UZgKbBE+fxwOuGDVibAmhittbMR0SRaixEVVsCO7iy8ukfVZ3L+vn9xe1xk0RRxmO4BhOwYUraMAdNKEFFAQ8wyu8oUf0gt7Rx7y1hIqZQ/gD9PkDLaOQEg==</latexit>!
<latexit sha1_base64="s7QHJeKtfNuQD+QVlNvg3CaIIwU=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCeox6MVjBLNAZhhqOp2kSc9CL4E45Eu8eFDEq5/izb+xk8xBEx8UPN6roqpemHImleN8W4WNza3tneJuaW//4LBsHx23ZaIFoS2S8ER0Q5CUs5i2FFOcdlNBIQo57YTju7nfmVAhWRI/qmlK/QiGMRswAspIgV32JiDSEQtI1VOgLwK74tScBfA6cXNSQTmagf3l9ROiIxorwkHKnuukys9AKEY4nZU8LWkKZAxD2jM0hohKP1scPsPnRunjQSJMxQov1N8TGURSTqPQdEagRnLVm4v/eT2tBjd+xuJUKxqT5aKB5lgleJ4C7jNBieJTQ4AIZm7FZAQCiDJZlUwI7urL66R9WXOvavWHeqVxm8dRRKfoDFWRi65RA92jJmohgjR6Rq/ozXqyXqx362PZWrDymRP0B9bnD19Jkuk=</latexit>

! c(" )

<latexit sha1_base64="bV/I75eZ6vh2/DE2O/AKirrj0u0=">AAAB73icbVBNS8NAEJ2tX7V+VT16WSyCp5KoqMeiF48V7Ac0oWy2m3TpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAqujeN8o9LK6tr6RnmzsrW9s7tX3T9o6yRTlLVoIhLVDYhmgkvWMtwI1k0VI3EgWCcY3U79zhNTmifywYxT5sckkjzklBgrdb2AR5Hw8n615tSdGfAycQtSgwLNfvXLGyQ0i5k0VBCte66TGj8nynAq2KTiZZqlhI5IxHqWShIz7eezeyf4xCoDHCbKljR4pv6eyEms9TgObGdMzFAvelPxP6+XmfDaz7lMM8MknS8KM4FNgqfP4wFXjBoxtoRQxe2tmA6JItTYiCo2BHfx5WXSPqu7l/Xz+4ta46aIowxHcAyn4MIVNOAOmtACCgKe4RXe0CN6Qe/oY95aQsXMIfwB+vwBIXeQCg==</latexit>!
<latexit sha1_base64="/iPh2BSFwwuF8EuCspRFsApRMwM=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQxCvIQZCeox6MVjBLNAZhh6Op2kSc9CL4E45Eu8eFDEq5/izb+xk8xBEx8UPN6roqpemHImleN8W4WNza3tneJuaW//4LBsHx23ZaIFoS2S8ER0QywpZzFtKaY47aaC4ijktBOO7+Z+Z0KFZEn8qKYp9SM8jNmAEayMFNhlb4JFOmLBsOoprC8Cu+LUnAXQOnFzUoEczcD+8voJ0RGNFeFYyp7rpMrPsFCMcDoreVrSFJMxHtKeoTGOqPSzxeEzdG6UPhokwlSs0EL9PZHhSMppFJrOCKuRXPXm4n9eT6vBjZ+xONWKxmS5aKA5Ugmap4D6TFCi+NQQTAQztyIywgITZbIqmRDc1ZfXSfuy5l7V6g/1SuM2j6MIp3AGVXDhGhpwD01oAQENz/AKb9aT9WK9Wx/L1oKVz5zAH1ifP2Vxku0=</latexit>

! g(" )

So the Gevrey-1 series for the trivial connection “sees” the 
series labelled by non-trivial flat connections.



This can be also rephrased by saying that, through the 
resurgent structure of , the colored Jones polynomial 

of a knot knows about its hyperbolic volume!

<latexit sha1_base64="maSGUmITy8MzQ5phegjuTDmMbUY=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCeox6MVjBLNAZhhqOp2kSc9CL4E45Eu8eFDEq5/izb+xk8xBEx8UPN6roqpemHImleN8W4WNza3tneJuaW//4LBsHx23ZaIFoS2S8ER0Q5CUs5i2FFOcdlNBIQo57YTju7nfmVAhWRI/qmlK/QiGMRswAspIgV32JiDSEQucqqdAXwR2xak5C+B14uakgnI0A/vL6ydERzRWhIOUPddJlZ+BUIxwOit5WtIUyBiGtGdoDBGVfrY4fIbPjdLHg0SYihVeqL8nMoiknEah6YxAjeSqNxf/83paDW78jMWpVjQmy0UDzbFK8DwF3GeCEsWnhgARzNyKyQgEEGWyKpkQ3NWX10n7suZe1eoP9UrjNo+jiE7RGaoiF12jBrpHTdRCBGn0jF7Rm/VkvVjv1seytWDlMyfoD6zPHxDLkrY=</latexit>

! 0(" )

More precisely, our results suggest a resurgent 
version of Kashaev’s volume conjecture:

For a hyperbolic knot, the Borel transform of the series            
has singularities at 

<latexit sha1_base64="maSGUmITy8MzQ5phegjuTDmMbUY=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQxCvIQZCeox6MVjBLNAZhhqOp2kSc9CL4E45Eu8eFDEq5/izb+xk8xBEx8UPN6roqpemHImleN8W4WNza3tneJuaW//4LBsHx23ZaIFoS2S8ER0Q5CUs5i2FFOcdlNBIQo57YTju7nfmVAhWRI/qmlK/QiGMRswAspIgV32JiDSEQucqqdAXwR2xak5C+B14uakgnI0A/vL6ydERzRWhIOUPddJlZ+BUIxwOit5WtIUyBiGtGdoDBGVfrY4fIbPjdLHg0SYihVeqL8nMoiknEah6YxAjeSqNxf/83paDW78jMWpVjQmy0UDzbFK8DwF3GeCEsWnhgARzNyKyQgEEGWyKpkQ3NWX10n7suZe1eoP9UrjNo+jiE7RGaoiF12jBrpHTdRCBGn0jF7Rm/VkvVjv1seytWDlMyfoD6zPHxDLkrY=</latexit>

! 0(" )

<latexit sha1_base64="zXdWvrDjv4DiPfiSeF9iY6Wwu0k=">AAACDXicbVC7TsMwFHXKq5RXgZHFoiCVpUoKAhakChbGguhDaqLKcW9aq3YS2Q5SifoDLPwKCwMIsbKz8Te4jwFajmTp+Jx7ZN/jx5wpbdvfVmZhcWl5JbuaW1vf2NzKb+/UVZRICjUa8Ug2faKAsxBqmmkOzVgCET6Hht+/GvmNe5CKReGdHsTgCdINWcAo0UZq5w9SVwp8C8Oi+wCaHF1gNxY4rWM3MjFcNlc2bOcLdskeA88TZ0oKaIpqO//ldiKaCAg15USplmPH2kuJ1IxyGObcREFMaJ90oWVoSAQoLx1vM8SHRungIJLmhBqP1d+JlAilBsI3k4Lonpr1RuJ/XivRwbmXsjBONIR08lCQcKwjPKoGd5gEqvnAEEIlM3/FtEckodoUmDMlOLMrz5N6ueSclo5vTgqVy2kdWbSH9lEROegMVdA1qqIaougRPaNX9GY9WS/Wu/UxGc1Y08wu+gPr8wc/XJpp</latexit>

Re(! ) = ±
V
2"



V/ !

<latexit sha1_base64="OHpaw74I1NGfJvKN2GBmAfRnMA0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02k4Mep4MVjBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6G7mt564NiJRjzhOeRDTgRKRYBSt5DcvuqnolStu1Z2DrBIvJxXI0eiVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpHlZ9WrVm4dapX6bx1GEEziFc/DgCupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A2aPjmo=</latexit>

We can now continue our resurgent analysis and look at the 
singularities in the Borel transforms of               , which are 

also simple resurgent functions

<latexit sha1_base64="loXEICYnf0kh5+v3yXRnKtBWNkM=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJUkJJIUZdFNy4r2Ac0IUymk3bo5MHMpBBC/RU3LhRx64e482+ctllo64ELh3Pu5d57/IQzqSzr21hb39jc2i7tlHf39g8OzaPjjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe3647uZ351QIVkcPaosoW6IhxELGMFKS55ZcSZYJCPm5cMLMq05Cqfnnlm16tYcaJXYBalCgZZnfjmDmKQhjRThWMq+bSXKzbFQjHA6LTuppAkmYzykfU0jHFLp5vPjp+hMKwMUxEJXpNBc/T2R41DKLPR1Z4jVSC57M/E/r5+q4MbNWZSkikZksShIOVIxmiWBBkxQonimCSaC6VsRGWGBidJ5lXUI9vLLq6RzWbev6o2HRrV5W8RRghM4hRrYcA1NuIcWtIFABs/wCm/Gk/FivBsfi9Y1o5ipwB8Ynz9k3JSc</latexit>

! g,c (" )

<latexit sha1_base64="1FPZk2dlRlHm9ta9h5tAU4HyKKE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5JIUY9FLx4r2A9oQphst+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zba2tb2xubRd2irt7+weHdumopeJUEtokMY9lJwRFORO0qZnmtJNIClHIaTsc3c789phKxWLxoCcJ9SMYCNZnBLSRArvkjUEmQxZkg2nF05CeB3bZqTpz4FXi5qSMcjQC+8vrxSSNqNCEg1Jd10m0n4HUjHA6LXqpogmQEQxo11ABEVV+Nj99is+M0sP9WJoSGs/V3xMZREpNotB0RqCHatmbif953VT3r/2MiSTVVJDFon7KsY7xLAfcY5ISzSeGAJHM3IrJECQQbdIqmhDc5ZdXSeui6l5Wa/e1cv0mj6OATtApqiAXXaE6ukMN1EQEPaJn9IrerCfrxXq3Phata1Y+c4z+wPr8ATVmk/k=</latexit>

! g(" )
<latexit sha1_base64="GLDQ1oQoZ8RMgPPLfTo5eo6IWtw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5JIUY9FLx4r2A9oQthst+3SzSbsbiol9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zba2tb2xubRd2irt7+weHdumopeJUEtokMY9lJ8SKciZoUzPNaSeRFEchp+1wdDvz22MqFYvFg54k1I/wQLA+I1gbKbBL3hjLZMiCjEwrnsbpeWCXnaozB1olbk7KkKMR2F9eLyZpRIUmHCvVdZ1E+xmWmhFOp0UvVTTBZIQHtGuowBFVfjY/fYrOjNJD/ViaEhrN1d8TGY6UmkSh6YywHqplbyb+53VT3b/2MyaSVFNBFov6KUc6RrMcUI9JSjSfGIKJZOZWRIZYYqJNWkUTgrv88ippXVTdy2rtvlau3+RxFOAETqECLlxBHe6gAU0g8AjP8Apv1pP1Yr1bH4vWNSufOYY/sD5/AC86k/U=</latexit>

! c(" )

! V/ !

<latexit sha1_base64="mc2k6HmqLwnk9bSfoI5a6Gsd2nw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3VXCn6cCl48VrDbQruUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNlfwz/7ybsF654lbdGdAy8XJSgRyNXvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gE6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXiX1S9WvX6vlap3+RxFOEIjuEUPLiEOtxBA5pA4BGe4RXeHOm8OO/Ox7y14OQzh/AHzucP0JCOoQ==</latexit>

<latexit sha1_base64="bV/I75eZ6vh2/DE2O/AKirrj0u0=">AAAB73icbVBNS8NAEJ2tX7V+VT16WSyCp5KoqMeiF48V7Ac0oWy2m3TpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAqujeN8o9LK6tr6RnmzsrW9s7tX3T9o6yRTlLVoIhLVDYhmgkvWMtwI1k0VI3EgWCcY3U79zhNTmifywYxT5sckkjzklBgrdb2AR5Hw8n615tSdGfAycQtSgwLNfvXLGyQ0i5k0VBCte66TGj8nynAq2KTiZZqlhI5IxHqWShIz7eezeyf4xCoDHCbKljR4pv6eyEms9TgObGdMzFAvelPxP6+XmfDaz7lMM8MknS8KM4FNgqfP4wFXjBoxtoRQxe2tmA6JItTYiCo2BHfx5WXSPqu7l/Xz+4ta46aIowxHcAyn4MIVNOAOmtACCgKe4RXe0CN6Qe/oY95aQsXMIfwB+vwBIXeQCg==</latexit>!
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Although the tower of singularities lead to the same series, the 
corresponding Stokes constants are all different and they 

turn out to be integer numbers!

It is possible to gather these integers into a 3x3 matrix of 
formal q-series for each half-plane. One finds, for the upper half 

plane,  
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$
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This matrix represents a Stokes automorphism acting on 
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It turns out that these q-series are closely related to invariants 
of hyperbolic knots which have been introduce recently.

The q-series involving the geometric/conjugate connection are 
closely related to the Dimofte-Gaiotto-Gukov (DGG) 
index, and the q-series in the first row turn out to be closely 

related to the Gukov-Manolescu invariant of the knot!

These (conjectural) connections between the Stokes constants 
and these integer invariants are highly non-trivial, 

mathematically. For the DGG index, a justification via 
categorification has been put forward recently by G. Moore 

and collaborators. 



Conclusions

The theory of resurgence is a general framework to study 
factorially divergent series, with many applications in physics 
and mathematics. It unveils a rich structure in these series.

This theory, which is analytic in flavour, has recently been 
applied in geometry and topology, sometimes with 

surprising results. It sheds new light on quantum invariants 
of hyperbolic knots and on the volume conjecture.

This geometric version of resurgence theory has 
applications in other problems, like topological string 

theory. Many of these applications are still in its infancy and 
I expect exciting developments in this interdisciplinary field! 



Thank you for your attention!


