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String theory is only defined perturbatively, and it has been 
known for some time that its perturbative expansion 

diverges factorially
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We prove that perturbation theory for the bosonic string diverges for arbitrary values of the coupling
constant and is not Borel summable. This divergence is independent of the existence of the infinities that
occur in the theory due to the presence of tachyons and dilaton tadpoles. We discuss the physical impli-
cations of such a divergence.

PACS numbers: 11.17.+y

If perturbative string theory were to make sense,
string theory would have nothing to do with physical
reality, since there are many features of all perturbative
treatments of string theory that are not shared by the
real world. It is therefore important to determine the
range of validity of string perturbation theory, as well as
to develop nonperturbative tools that transcend it.
Much has been made of the fact that string perturba-

tion theory is a topological expansion, and that (for
closed-string theories) there is only a single "term" to
calculate at each order in this expansion. For this reason
it may seem unlikely that perturbation theory diverges.
After all, the ubiquitous divergences of perturbative ex-
pansions in quantum field theory arise because of the n!
number of n-loop Feynman diagrams. ' However, the
single h-loop string Feynman graph is integrated over all
of the moduli space of Riemann surfaces with h handles,
a complicated space over which we really do not have
much control, and therefore such naive statements have
dubious validity. Furthermore, string theory contains
within it, at low energies, ordinary field theory, which al-
ways yields divergent perturbative expansions. Thus we
might expect similar divergent behavior in string theory.
In this Letter, we prove explicitly that bosonic string

perturbation theory diverges at Pg"h!, where h is the
number of handles. This reassures us that perturbation
theory, for the bosonic string at least, has zero radius of
convergence. Even more, such an expansion is not even
(Borel) summable. We will argue below that this type of
behavior could be an indication of the nonperturbative
instability of the vacuum.
We shall consider the simplest amplitude, the partition

function, and we shall show that it grows factorially in h,
for large h. This is accomplished in two steps: (a) con-
trolling the behavior of the string integrand uniformly
over moduli space, so that we can give a lower bound on
the integrand, showing that the integrand does not de-
crease like I/h!; and (b) estimating the volume moduli
space for a given h, to show that it increases like h!, so
that we can derive a lower bound on the integral which
increases factorially in h.
We use the Selberg zeta-function description of the

string integrand, namely the partition function of the

bosonic closed string is given by cg Z(2)Z'(1) ' dpwp,
where Z(s) is the Selberg Z function, dpwp is the Weil-
Petersson measure on moduli space, c is independent of
the genus, and all other constants that grow geometrical-
ly with h have been absorbed into a redefinition of the
coupling g, As is well known, Z'(1) =det'(5) (6 is the
scalar Laplacian, and the prime denotes the removal of
the zero eigenvalue), and Z(2) is the ghost determinant.
One reason for our considering the partition function is
that it is a manifestly positive quantity, and hence one
can make unambiguous statements about the divergence
of the perturbation series. Our arguments can be ex-
tended trivially to the two-point amplitude for the trace
of the graviton at zero momentum, which is another ex-
ample of a real amplitude. We certainly expect that the
divergence of perturbation theory is, as in ordinary field
theory, universal and will occur in any string amplitude
and in any string theory.
As is well known, there are divergences in the bosonic

string because of the tachyon, and because of the dilaton
tadpole. These show up as bad behavior of the string in-
tegrand at points in moduli space where geodesics pinch
off'. These points constitute the so-called degeneration
locus. They give rise to infinities that are an indication
of the perturbative instabilities of the flat-space vacuum.
We remove these divergences by introducing a genus-
independent cutoff' on the minimum length of geodesics.
This restricts moduli space and renders the loop ampli-
tudes finite. We shall then show that the cutoff' h-loop
amplitude is bounded from below by h!, uniformly in the
cutoff'. The reason it makes sense to do this is that the
infrared divergences of the individual terms have nothing
to do with the h! growth of these terms and thus with the
divergence of the series. This is similar to the situation
in quantum field theory, where the divergences of pertur-
bation theory arise from diA'erent sources than the ultra-
violet divergences of individual terms in the series. We
are unfortunately unable to cope with the problems in-
troduced by fermionic degrees of freedom; after all, even
in ordinary field theory it is very hard to estimate the
divergences of perturbation theory in the presence of fer-
mions. We would expect, nonetheless, that a similar
divergence would arise in the case of the superstring or
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This is usually a signal of exponentially small non-
perturbative effects in the string coupling constant, coming 

from sectors of the theory which are invisible in a 
perturbative framework

Introduction and motivation



This is not a peculiarity of string theory. Factorially 
divergent series are the norm in quantum mechanics and 

quantum field theory, as first noted by Dyson in 1957.  
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The transition from the correlated pionization region to the uncorrelated pionization region occurs
when s,~s», =—~M' as s-,z is increased. This allows us to define the "correlation length": As ~ is
increased by increasing the longitudinal momenta with the transverse momenta fixed, the two particles
become uncorrelated when a value of the invariant mass s~ is reached such that (p, +p, )'«~. By
making use of the experimental average value of P for the pion distributions, i.e. , (P ) = 300-500 MeV,
we estimate then that the two particles are correlated as long as the invariant mass is not significantly
larger than 1 BeV.
For the case in which s~ is increased by increasing P, and P, along arbitrary directions in the

transverse plane with P, and P, fixed, we find that the two particles are always correlated and the dis-
tribution is a function of cosy =P, P, , which shows a cutoff in the form

f„"-exp(-4[P,'+P, "+2p, p, cos2&+p, p, (1-cosy)ln tangly]}. (16)

Vhe details of this paper and other related topics will be discussed elsewhere.
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We ex~&re the large-order behavior of perturbation theory for the anharmonic oscil-
lator, a simple quantum-field-theory model. New analytical techniques are exhibited
and used to derive formulas giving the precise rate of divergence of perturbation theory
for all energy levels of the x2+ oscillator. We compute higher-order corrections to
these formulas for the x oscillator with and without Wick ordering.

A Rayleigh-SchrMinger perturbation series is a power series QA„A.", where x is the coupling con-
stant, n is the order of perturbation theory, and A„is a Rayleigh-SchrMinger coefficient. %e are
concerned here with the Rayleigh-Schrlinger coefficients in the perturbation expansions of the ener-
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Bender and Wu made a quantitative connection between 
the factorial growth of perturbation theory and non-

perturbative effects



This idea was developed in quantum field theory to give 
some of our best insights on non-perturbative physics 

(instantons, renormalons, non-perturbative 
condensates…)

At the same time, it has been given appropriate mathematical 
form in the theory of resurgence of Jean Ecalle. 

In this talk I will summarize recent work which applies this 
framework to understand the non-perturbative aspects of  
topological string theory on Calabi-Yau (CY) threefolds 

To do this, I need to introduce some mathematical tools



b'(⇣) =
X

n�0

an
n!

⇣n
Borel transform

From wild series to analytic functions

'(z) =
X

n�0

anz
n

Let us consider a formal power series with factorially growing 
coefficients

These are sometimes called Gevrey-1 series. The Borel 
transform is a deceptively simple way of transforming 

these series into “nice” functions
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The Borel transform          is analytic at the origin. We now 
demand that it can be “endlessly analytically continued” to the 

complex plane, displaying a set of singularities (poles, 
branch cuts)

b'(⇣)

Borel plane
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The closest singularity to the origin controls the factorial growth 
of perturbation theory (Darboux’ theorem)



A crucial insight is that the singularities of the Borel 
transform contain information about the non-

perturbative sectors of the theory

<latexit sha1_base64="uMOm4MvZTafs0cQrLk4Hur0vTpk="></latexit>

b'(⇣) = �S! b'!(⇣ � ⇣!)
log(⇣ � ⇣!)

2⇡i
+ regular

Concretely, the local expansion of the Borel transform at 
the singularities leads to new formal power series. 
A typical example is a logarithmic singularity at   
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'!(z)
singularity
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⇣!

new power series

Stokes constant

inverse Borel transform of the local expansion

 depends on the normalization 
of the power series

With this, we build up a non-perturbative amplitude
<latexit sha1_base64="XYQ4QyDMo5vATe7dV9x0H2NzkuM="></latexit>
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This is an example of a trans-series, involving exponentially 
small terms



Resurgent structures

Given a factorially divergent power series, we can collect the 
set of all formal power series and Stokes constants 

associated to the singularities of its Borel transform. I will 
call this collection its resurgent structure.  It encodes in 

a mathematically precise way all the non-perturbative 
information which can be obtained from perturbation 

theory.

Understanding the resurgent structure of quantum theories 
has been an ongoing pursuit for many years [Voros, Zinn-Justin, 

Brezin, Parisi, ’t Hooft, …]. We expect that topological fields and 
strings will provide workable and interesting examples of 

these structures



Topological string theory

Let M be a Calabi-Yau (CY) threefold.  At each genus g one 
can consider the topological string free energy           , which 
depends on the flat homogeneous coordinates X (I will often 

consider one-modulus CYs for simplicity)

At large X this has an expansion encoding Gromov-Witten 
invariants of M, which “count” holomorphic curves of genus g 

and degree d:
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Fg(X)
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Fg(X) =
X

d

Ng,d e
�dX



I recall that in the mirror manifold        one can calculate 
periods by integrating the holomorphic 3-form over a 

symplectic basis of 3-cycles. This determines both X and the 
genus zero free energy [Candelas-de la Ossa-Green-Parkes] 
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XI =

Z

↵I

⌦

<latexit sha1_base64="Jx+cvEkLfoGA2jmFhmE1jaGqFck=">AAACCnicbVDLSgNBEJz1bXxFPXoZDYKnsCu+LoIoiJ5UMCpkw9I76cTB2dllplcIS85e/BUvHhTx6hd482+cxBx8FTQUVd10d8WZkpZ8/8MbGh4ZHRufmCxNTc/MzpXnFy5smhuBNZGq1FzFYFFJjTWSpPAqMwhJrPAyvjno+Ze3aKxM9Tl1Mmwk0NayJQWQk6LychEKUPywGx3v8lBqioowRoLouMvDkwTbEJUrftXvg/8lwYBU2ACnUfk9bKYiT1CTUGBtPfAzahRgSAqF3VKYW8xA3EAb645qSNA2iv4rXb7qlCZvpcaVJt5Xv08UkFjbSWLXmQBd299eT/zPq+fU2mkUUmc5oRZfi1q54pTyXi68KQ0KUh1HQBjpbuXiGgwIcumVXAjB75f/kov1arBV3TzbqOztD+KYYEtsha2xgG2zPXbETlmNCXbHHtgTe/buvUfvxXv9ah3yBjOL7Ae8t08nW5nx</latexit>

FI =

Z

�I

⌦

<latexit sha1_base64="zlm7IyGp6sSC9C8rjgGWrvoXM+A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchgnlAsobZyWwyZHZ2mekVwpKP8OJBEa9+jzf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W49cGxGrexwn3I/oQIlQMIpWat0+dA1S3StX3Ko7A/lLvJxUIEe9V/7s9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns3Ak5skqfhLG2pZDM1J8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CJRuCt/jyX9I8qXrn1bO700rtKo+jCAdwCMfgwQXU4Abq0AAGI3iCF3h1EufZeXPe560FJ5/Zh19wPr4BRZSPiw==</latexit>

M?

<latexit sha1_base64="hjV9TEFyn1lcZR7DXVncdKik2es=">AAACC3icbVBLSwMxGMz6rPW16tFLaBE8lV3xdRGKguitgn1Ad12yabYNzSZLkhXK0rsX/4oXD4p49Q9489+YbYto60BgmJkvyTdhwqjSjvNlzc0vLC4tF1aKq2vrG5v21nZDiVRiUseCCdkKkSKMclLXVDPSSiRBcchIM+xf5H7znkhFBb/Vg4T4MepyGlGMtJECu3SWeQmSmiIGLwMHesKk4Y/UurseBnbZqTgjwFniTkgZTFAL7E+vI3AaE64xQ0q1XSfRfpZfiRkZFr1UkQThPuqStqEcxUT52WiXIdwzSgdGQprDNRypvycyFCs1iEOTjJHuqWkvF//z2qmOTv2M8iTVhOPxQ1HKoBYwLwZ2qCRYs4EhCEtq/gpxD0mEtamvaEpwp1eeJY2DintcObo5LFfPJ3UUwC4ogX3gghNQBVegBuoAgwfwBF7Aq/VoPVtv1vs4OmdNZnbAH1gf37tvmjw=</latexit>

=
@F0

@XI



String perturbation theory tells us that the total free 
energy is given by a genus expansion in a small parameter, 

a.k.a. the string coupling constant 

General arguments [Gross-Periwal, Shenker] indicate that this series 
grows doubly-factorially, at fixed X

What is the resurgent structure associated to this 
series?

<latexit sha1_base64="rQfoyloLaUdbhMdXKNcbrSjwPXg=">AAACFHicbVDLSsNAFJ3UV62vqks3g0VoUUtSfG2EolBcVrAPaGOYTKfp0JkkzEyEEvIRbvwVNy4UcevCnX/jtM1CWw9cOJxzL/fe44aMSmWa30ZmYXFpeSW7mltb39jcym/vNGUQCUwaOGCBaLtIEkZ90lBUMdIOBUHcZaTlDq/HfuuBCEkD/06NQmJz5Pm0TzFSWnLyh7Vi+wh6jixdwq6MuBN7sOsRaCaw5njFdmns3ccV77iSOPmCWTYngPPESkkBpKg7+a9uL8ARJ77CDEnZscxQ2TESimJGklw3kiREeIg80tHUR5xIO548lcADrfRgPxC6fAUn6u+JGHEpR9zVnRypgZz1xuJ/XidS/Qs7pn4YKeLj6aJ+xKAK4Dgh2KOCYMVGmiAsqL4V4gESCCudY06HYM2+PE+albJ1Vj69PSlUr9I4smAP7IMisMA5qIIbUAcNgMEjeAav4M14Ml6Md+Nj2pox0pld8AfG5w8Jg5u3</latexit>

F (X, gs) =
X

g�0

Fg(X)g2g�2
s

<latexit sha1_base64="nKTwyP7LZvqZArxLL961hoFhhzY=">AAACCnicbVDLSsNAFJ34rPUVdelmahFakJIUX8uiIC4r2Ac0IUwmk3To5NGZiVBC1278FTcuFHHrF7jzb5y2WWjrgQuHc+7l3nvchFEhDeNbW1peWV1bL2wUN7e2d3b1vf22iFOOSQvHLOZdFwnCaERakkpGugknKHQZ6biD64nfeSBc0Di6l6OE2CEKIupTjKSSHL104wSVbhVagoawUg+qpRNoDYcp8mAArSCApqOXjZoxBVwkZk7KIEfT0b8sL8ZpSCKJGRKiZxqJtDPEJcWMjItWKkiC8AAFpKdohEIi7Gz6yhgeK8WDfsxVRRJO1d8TGQqFGIWu6gyR7It5byL+5/VS6V/aGY2SVJIIzxb5KYMyhpNcoEc5wZKNFEGYU3UrxH3EEZYqvaIKwZx/eZG06zXzvHZ2d1puXOVxFMAhOAIVYIIL0AC3oAlaAINH8AxewZv2pL1o79rHrHVJy2cOwB9onz9dj5eK</latexit>

Fg(X) ⇠ (2g)!, g � 1



Borel plane and CY periods

Conjecture: the Borel singularities for the perturbative series 
of TS free energies are integral periods of the mirror CY

Determining which integral 
periods are actual singularities 

is more difficult and it 
sometimes relies on numerical 

calculations

<latexit sha1_base64="V8C8KYMIEgDL5GBDTrB+hj/fbN4=">AAACC3icbVDLSgMxFM3UV62vUZduQosgCGVGfG2EqiB2V8E+oJ0OmUzahmYyQ5IRyjB7N/6KGxeKuPUH3Pk3pu0stPVAwsk593JzjxcxKpVlfRu5hcWl5ZX8amFtfWNzy9zeacgwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG16P/eYDEZKG/F6NIuIEqM9pj2KktOSaxaSDEYOX6QXE3Sqcvm5StwoPoa/vVrfqmiWrbE0A54mdkRLIUHPNr44f4jggXGGGpGzbVqScBAlFMSNpoRNLEiE8RH3S1pSjgEgnmeySwn2t+LAXCn24ghP1d0eCAilHgacrA6QGctYbi/957Vj1zp2E8ihWhOPpoF7MoArhOBjoU0GwYiNNEBZU/xXiARIIKx1fQYdgz648TxpHZfu0fHJ3XKpcZXHkwR4oggNggzNQAbegBuoAg0fwDF7Bm/FkvBjvxse0NGdkPbvgD4zPHzPpmJ0=</latexit>

A = cIFI + dIX
I

-100 -50 50 100
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How do we determine the trans-series associated to the 
singularities? 

Trans-series for topological strings

The holomorhic anomaly equations of BCOV make 
it possible to obtain the perturbative series. One can then 
try to solve them with a “trans-series ansatz” [Couso-Edelstein-

Schiappa-Vonk] as in Ecalle’s theory of ODEs

perturbative series instanton correction

<latexit sha1_base64="EeeCmwTrniGs/stRs5bqDjyit0Q="></latexit>

F =
X

g�0

Fg(X)g2g�2
s + e�A/gs

X

n�0

F (1)
n (X)gn�1

s + · · ·



In recent work [Gu-M.M, Gu-Kashani-Poor-Klemm-M.M. ] we obtained 
an all-orders, exact solution for the trans-series, for any 

CY (compact or not)

This is a universal formula for the “one-instanton amplitude” 
associated to     . It can be written in terms of perturbative 
data only, and it suggests that the the CY periods  are 
quantized in units of the string coupling constant, as in 

large N dualities

<latexit sha1_base64="Od7OgfIq2mw++FzDMEwqcRai6c4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx60VtEs0Ayhp5OTdKkp2fo7hHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJIJr47rfTm5peWV1Lb9e2Njc2t4p7u7VdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HvuNJ1Sax/LBDBP0I9qTPOSMGivdNx9vO8WSW3YnIIvEm5ESzFDtFL/a3ZilEUrDBNW65bmJ8TOqDGcCR4V2qjGhbEB72LJU0gi1n01OHZEjq3RJGCtb0pCJ+nsio5HWwyiwnRE1fT3vjcX/vFZqwks/4zJJDUo2XRSmgpiYjP8mXa6QGTG0hDLF7a2E9amizNh0CjYEb/7lRVI/KXvn5bO701LlahZHHg7gEI7BgwuowA1UoQYMevAMr/DmCOfFeXc+pq05ZzazD3/gfP4AAQuNoQ==</latexit>

XI

<latexit sha1_base64="ZD8Fj1rtG4R/bBVdtc2lmkwEqJ8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdYx68RjBPCBZwuxkNhkyO7vO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwduI3n7g2IlYPOEq4H9G+EqFgFK3UyjqMSnI97pbKbsWdgiwSLydlyFHrlr46vZilEVfIJDWm7bkJ+hnVKJjk42InNTyhbEj7vG2pohE3fja9d0yOrdIjYaxtKSRT9fdERiNjRlFgOyOKAzPvTcT/vHaK4ZWfCZWkyBWbLQpTSTAmk+dJT2jOUI4soUwLeythA6opQxtR0Ybgzb+8SBqnFe+icn5/Vq7e5HEU4BCO4AQ8uIQq3EEN6sBAwjO8wpvz6Lw4787HrHXJyWcO4A+czx+kG4+5</latexit>

A

<latexit sha1_base64="V8C8KYMIEgDL5GBDTrB+hj/fbN4=">AAACC3icbVDLSgMxFM3UV62vUZduQosgCGVGfG2EqiB2V8E+oJ0OmUzahmYyQ5IRyjB7N/6KGxeKuPUH3Pk3pu0stPVAwsk593JzjxcxKpVlfRu5hcWl5ZX8amFtfWNzy9zeacgwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG16P/eYDEZKG/F6NIuIEqM9pj2KktOSaxaSDEYOX6QXE3Sqcvm5StwoPoa/vVrfqmiWrbE0A54mdkRLIUHPNr44f4jggXGGGpGzbVqScBAlFMSNpoRNLEiE8RH3S1pSjgEgnmeySwn2t+LAXCn24ghP1d0eCAilHgacrA6QGctYbi/957Vj1zp2E8ihWhOPpoF7MoArhOBjoU0GwYiNNEBZU/xXiARIIKx1fQYdgz648TxpHZfu0fHJ3XKpcZXHkwR4oggNggzNQAbegBuoAg0fwDF7Bm/FkvBjvxse0NGdkPbvgD4zPHzPpmJ0=</latexit>

A = cIFI + dIX
I

<latexit sha1_base64="DBJtcK5KtiULuoUN4wnvlCZnYkw="></latexit>

�A = S
�
1 + gsc

J@JF (XI � gsc
I)
�
eF (XI�gsc

I)�F (XI)



Stokes constants

An important piece of the resurgent structure are the 
Stokes constants. In some interesting examples (e.g. WKB, 

complex Chern-Simons theory) they turn out to be 
integers related to BPS invariants [Gaiotto-Moore-Neitzke, 

Gukov-M.M.-Putrov, Garoufalidis-Gu-M.M.-Wheeler]. 

We expect a similar picture here. We can show e.g. that the 
genus zero Gopakumar-Vafa invariants         arise as Stokes 

constants associated to towers of Borel singularities at 

<latexit sha1_base64="wEk4zOy+an69JwxObll/+ILugfc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF2tpMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGd1O/9YRK81g+mnGCfkQHkvc5o8ZKLdnL3LNw0itX3Ko7A1kmXk4qkKPeK391w5ilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83OnZATq4SkHytb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5q+jd+xmWSGpRsvqifCmJiMv2dhFwhM2JsCWWK21sJG1JFmbEJlWwI3uLLy6R5XvWuqpcPF5XabR5HEY7gGE7Bg2uowT3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4A6oaPTw==</latexit>n0,d

<latexit sha1_base64="R1RO2dT3lOi/KoeJDpsmlncR5G0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5cV7AObUCbTSTt0MgkzE6GGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6WV1bX1jfJmZWt7Z7dq7+23VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMb3K/80ilYrG415OE+hEeChYygrWR+nY18phAXoT1KAiyh2nfrjl1Zwa0TNyC1KBAs29/eYOYpBEVmnCsVM91Eu1nWGpGOJ1WvFTRBJMxHtKeoQJHVPnZLPgUHRtlgMJYmic0mqm/NzIcKTWJAjOZJ1SLXi7+5/VSHV75GRNJqqkg80NhypGOUd4CGjBJieYTQzCRzGRFZIQlJtp0VTEluItfXibt07p7UT+/O6s1ros6ynAIR3ACLlxCA26hCS0gkMIzvMKb9WS9WO/Wx3y0ZBU7B/AH1ucPuiKTJw==</latexit>

m 2 Z
<latexit sha1_base64="p2qcXNq36FAuoJ8NePl3Vh7h5cQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEEocyIr2XRjcsK9gHtWDKZTBuaZMYkUyhDv8ONC0Xc+jHu/BvTdhbaeuByD+fcS25OkHCmjet+O0vLK6tr64WN4ubW9s5uaW+/oeNUEVonMY9VK8CaciZp3TDDaStRFIuA02YwuJ34zSFVmsXywYwS6gvckyxiBBsr+SFqPXroFAnb3W6p7FbcKdAi8XJShhy1bumrE8YkFVQawrHWbc9NjJ9hZRjhdFzspJommAxwj7YtlVhQ7WfTo8fo2CohimJlSxo0VX9vZFhoPRKBnRTY9PW8NxH/89qpia79jMkkNVSS2UNRypGJ0SQBFDJFieEjSzBRzN6KSB8rTIzNqWhD8Oa/vEgaZxXvsnJxf16u3uRxFOAQjuAEPLiCKtxBDepA4Ame4RXenKHz4rw7H7PRJSffOYA/cD5/AP3FkE8=</latexit>

dX1 +mX0



Multi-instantons and Stokes 
automorphisms

We have Borel singularities at positive integer multiples      
encoding multi-instanton amplitudes. They lead to a 

Stokes discontinuity which can be computed 
explicitly [Iwaki-M.M]. It is easier to write it in terms of the 

dual topological string partition function, or Zak 
transform

<latexit sha1_base64="BQblXJ9CEn9ZScXMbaO4XnjosWQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr4sQFMRjBPPAzRpmJ73JkNmZZWZWCEs+w4sHRbz6Nd78GyfJHjRa0FBUddPdFSacaeO6X05hYXFpeaW4Wlpb39jcKm/vNLVMFYUGlVyqdkg0cCagYZjh0E4UkDjk0AqHVxO/9QhKMynuzCiBICZ9wSJGibGSf3+RdVSMYfxw3S1X3Ko7Bf5LvJxUUI56t/zZ6UmaxiAM5URr33MTE2REGUY5jEudVENC6JD0wbdUkBh0kE1PHuMDq/RwJJUtYfBU/TmRkVjrURzazpiYgZ73JuJ/np+a6DzImEhSA4LOFkUpx0biyf+4xxRQw0eWEKqYvRXTAVGEGptSyYbgzb/8lzSPqt5p9eT2uFK7zOMooj20jw6Rh85QDd2gOmogiiR6Qi/o1THOs/PmvM9aC04+s4t+wfn4BrVpkOU=</latexit>

Z = eF

<latexit sha1_base64="W9MQT1tujAeiqt/32Alnwl0C/Gw=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidox68RjBLJAZQk+nJmnSs9jdEwhDvsOLB0W8+jHe/Bs7yRw08UHB470qqur5ieBK2/a3VVhZXVvfKG6WtrZ3dvfK+wdNFaeSYYPFIpZtnyoUPMKG5lpgO5FIQ19gyx/eTf3WCKXicfSoxwl6Ie1HPOCMaiN5LgpBMpdRQW4m3XLFrtozkGXi5KQCOerd8pfbi1kaYqSZoEp1HDvRXkal5kzgpOSmChPKhrSPHUMjGqLystnRE3JilB4JYmkq0mSm/p7IaKjUOPRNZ0j1QC16U/E/r5Pq4NrLeJSkGiM2XxSkguiYTBMgPS6RaTE2hDLJza2EDaikTJucSiYEZ/HlZdI8qzqX1YuH80rtNo+jCEdwDKfgwBXU4B7q0AAGT/AMr/BmjawX6936mLcWrHzmEP7A+vwBCzSRpA==</latexit>

`A

<latexit sha1_base64="JR/IbDXPZhA90hU67ToE1jxp8QM="></latexit>

⌧(X,�) =
X

k2Z
�kZ(X + kgs)



<latexit sha1_base64="6nLNeyp4TGNxy/8yBoKELh4C6SU="></latexit>

S⌧(X,�) = eSLi2(�)⌧(X � cgsS log(1� �),�)

and induces a Delabare-Dillinger-Pham transformation on 
the CY periods! Similar results in different but related 
contexts have appeared before [Alexandrov-Pioline, Lisovyy-

Roussillon, Coman-Longhi-Teschner, …]

<latexit sha1_base64="ZD8Fj1rtG4R/bBVdtc2lmkwEqJ8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdYx68RjBPCBZwuxkNhkyO7vO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwduI3n7g2IlYPOEq4H9G+EqFgFK3UyjqMSnI97pbKbsWdgiwSLydlyFHrlr46vZilEVfIJDWm7bkJ+hnVKJjk42InNTyhbEj7vG2pohE3fja9d0yOrdIjYaxtKSRT9fdERiNjRlFgOyOKAzPvTcT/vHaK4ZWfCZWkyBWbLQpTSTAmk+dJT2jOUI4soUwLeythA6opQxtR0Ybgzb+8SBqnFe+icn5/Vq7e5HEU4BCO4AQ8uIQq3EEN6sBAwjO8wpvz6Lw4787HrHXJyWcO4A+czx+kG4+5</latexit>

A

<latexit sha1_base64="rFAJGGO9M2SG/89WW0MdJYX1aVs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eoF48RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvp367SeqNIvkg5nE1Bd4KFnICDZWeqylPYI5us765YpbdWdAy8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKdZqZdoGmMyxkPatVRiQbWfzg7O0IlVBiiMlC1p0Ez9PZFiofVEBLZTYDPSi95U/M/rJia88lMm48RQSeaLwoQjE6Hp92jAFCWGTyzBRDF7KyIjrDAxNqOSDcFbfHmZtGpV76J6fn9Wqd/kcRThCI7hFDy4hDrcQQOaQEDAM7zCm6OcF+fd+Zi3Fpx85hD+wPn8ARZ0j/U=</latexit>

2A

<latexit sha1_base64="erXVSUlBC3lyWotjJD5bG1KGYiI=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpyrhfSxw4Vgk+kBtVDmu01q1nch2kKooX8GFAwhx5XO48Te4bQ7QMtJKo5ld7e4EMWfauO63U1haXlldK66XNja3tnfKu3tNHSWK0AaJeKTaAdaUM0kbhhlO27GiWASctoLR7cRvPVGlWSQfzDimvsADyUJGsLHS42naJZij66xXrrhVdwq0SLycVCBHvVf+6vYjkggqDeFY647nxsZPsTKMcJqVuommMSYjPKAdSyUWVPvp9OAMHVmlj8JI2ZIGTdXfEykWWo9FYDsFNkM9703E/7xOYsIrP2UyTgyVZLYoTDgyEZp8j/pMUWL42BJMFLO3IjLEChNjMyrZELz5lxdJ86TqXVTP788qtZs8jiIcwCEcgweXUIM7qEMDCAh4hld4c5Tz4rw7H7PWgpPP7MMfOJ8/GACP9g==</latexit>

3A

The Stokes automorphism across a ray of singularities acts as
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Experimental evidence: asymptotics of 
free energies in the quintic CY

The closest singularity of the Borel transform determines the 
asymptotics of perturbation theory, and we can test the 

corresponding one-instanton amplitude against perturbative 
data, in e.g. the famous quintic CY
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prediction from our one-instanton formula



Conclusions and outlook

The theory of resurgence gives a precise mathematical 
framework to understand non-perturbative sectors, which 
can be applied successfully to (topological) string theory.

To do this, we have developed an “instanton calculus” for the 
Kodaira-Spencer theory of BCOV. We have found exact 

solutions for multi-instanton amplitudes and conjectured the 
general form of the resurgent structure for topological 

strings.

Our results determine the instanton physics of other 
systems governed by the HAE, like large N matrix models



To know the resurgent structure we have to determine 
the precise location of Borel singularities and their Stokes 
constants. We expect a very rich mathematics and physics 

related to BPS invariants. 

What is the relation to proposals for non-perturbative 
definitions of the topological string, like the one in 

[Grassi-Hatsuda-M.M.]?

What is the physical meaning of the “instanton” 
amplitudes we obtained? They look like D-branes of the 

“wrong” type.  Are they rather “renormalons” of the 
topological string? 


